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Part I. THE SKULLS OF THE Most PRIMITIVE KNOWN FOSSIL 
CHORDATES (OSTRACODERMS) 


In earlier papers I have directed attention to the fact that during the 
course of evolution of any series of organisms two opposite processes of 
development and evolution may be observed. In the first process, which 
has been named polyisomerism,' there is a budding or multiplication of 
some given part or parts, such as the teeth of sharks or the joints of the 
backbone in eels. This process has been recognized by earlier authors 
under such terms as “‘budding,’’ ‘‘reduplication’’ (Cope), ‘‘metamerism”’ 
(Gegenbaur), ‘‘rectigradation’’ (Osborn, in part), ‘‘aristogenesis” (Osborn, 
in part). 

In the opposite but often simultaneous process there is some emphasis 
or selective action among the polyisomeres, that is, there may be a local 
acceleration or retardation of growth rates, causing later polyisomeres 
to grow larger or smaller than earlier ones; or some part or axis of one 
of the units may become the focus of a new acceleration or retardation; 
this produces lop-sided polyisomeres or anisomeres and the process itself 
is called anisomerism. In positive anisomerism we have progressive 
increase of some particular part or spot; in negative anisomerism the 
reverse occurs. 

This process has also been recognized in part by earlier authors under 
such terms as ‘‘differentiation” (Spencer), ‘‘allometry’’ (Osborn, in part), 
“‘heterogony”’ (Pézard, Huxley, in part), “acceleration” and “‘retardation”’ 
(Hyatt, in part). But no one of these terms has exactly the same content 
as anisomerism. Doubtless in many cases the two processes combine 
and intergrade but when one is familiar with typical cases the intergrades 
become gradually recognizahle. 
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John Ray (1627-1705), one of the fathers of systematic zoélogy, included 
in his tables of generic differentia various proportional characteristics, as 
the short muzzle and rotund head of the cats and the long muzzle of the 
dogs. Likewise such metrical differences in human skulls as are denoted 
by the terms ‘‘dolichocephalic,”’ ‘‘brachycephalic,” ‘“‘prognathous,”’ 
“orthognathous,’’ and the like were 
noticed by the founders of anthro- 
pology and have been investigated 
ever since by anthropometrists. 
But it remained for the palaeon- 
tologist Henry Fairfield Osborn in 
1902 to visualize “‘dolichocephaly”’ 
and ‘‘brachycephaly” as manifes- 
tations of deep-seated morpholog- 
ical factors that affected in oppo- 
site ways aimost every part of the 
cranium, jaws and teeth of mam- 
mals. In the present paper I shall 
show that the same processes of 
divergent evolution that have re- 
sultedin dolichocephaly and brachy- 
cephaly among Tertiary mam- 
mals were already at work in the 
oldest known chordates of the Si- 
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(A, B) and Gnathostomata (C). A. Antsomerism in the Skulls of the 
Under side of head of ostracoderm, show- Most Primitive Known Chordates. 
ing supposed position of mouth and gill —The American Museum of Nat- 
openings. Restoration after Stensid ural History has received from the 
B. Under side of head shield of ostra- Paleontological Museum of Oslo, 
aie gd-nage ethic gtiliagr aaa through the kindness of the late 
cavity with dorsal part of branchial : : 
skeleton. None of the gill arches are en- Professor Kiaer, the gift of a 
larged to serve as jaws. Restoration after fine series of ostracoderms from 
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palaeozoic shark (Cladoselache), showing and other material brought  to- 
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Dean, in addition to the many 
important works by Kiaer, Stensié, Bryant and others, have afforded 
me the opportunity of using these oldest known chordates in the first of 
a series of papers on the evolution of changes in proportion in the skulls of 
vertebrates. These studies have been carried on in the American Mu- 
seum with the aid of graduate students of Columbia University. 

The ostracoderms or pre-fishes, which flourished from Middle Ordo- 
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vician to Upper Devonian times, were the oldest and most primitive of 
all known chordates and constituted a widely varying superclass technically 
called Agnatha, or jawless forms. Although some of them had jaws formed 
of dermal plates, these plates were not supported by a pair of enlarged 
gill-arches as they are in the oldest true fishes and other gnathostomes, or 
vertebrates with gill-arch jaws. This essential contrast between these 
two great superclasses is illustrated in the chart (Fig. 1). Some of the 
ostracoderms fulfilled all the conditions of time and anatomical character- 
istics that might be expected in the remote ancestors of the existing cyclo- 
stomes (lampreys and hag-fishes). These far-reaching conclusions rest 
upon the labors of a long line of palaeichthyologists, notably Pander, 
Rohon, Powrie and Lankester, Traquair, Patten, Kiaer, Stensié and others. 
The record begins in the Middle Ordovician with the single tuberculated 
plate named Astraspis desiderata by Walcott; it then flowered out into 
the rich ostracoderm faunas of Upper Silurian and Lower Devonian times, 
including at least four orders and a rapidly increasing list of reputed 
suborders, families, genera and species; the class comes to an end in a 
few hold-overs in the Upper Devonian. 

The head shield of cephalaspids (Fig. 2) was subject to a wide range 
of anisomerism in relative length and width and in the emphasis of its 
paired cornua. In short, ‘“brachycephaly’”’ and ‘‘dolichocephaly” in a 
broad sense were in full swing among these oldest known chordates. In 
Benneviaspis the maximum breadth of the cephalic shield measured across 
the posterior ends of its cornua was almost twice as great as its length in 
the median line (Stensid, 1932, p. 155); in Hoelaspis angulata the breadth 
across the cornua is nearly two and one-half times the head shield (Stensié, 
1927, p. 292). In Kiaeraspis, on the other hand, the cephalic shield as a 
whole is “strikingly long, much longer than broad” (Stensié, 1927, p. 297). 
In Hemicyclaspis murchisoni there were no projecting cornua at the 
postero-lateral angles of the shield (Stensid, 1932, p. 79). In Sclerodus 
(Eukeraspis), on the contrary, the cornua were very long, about twice 
as long as the cephalic shield (Stensié, 1932, p. 178). The nuchal spine 
of the shield was directed but slightly upward in Cephalaspis white (Stensi6, 
1932, p. 94) but swept upward almost vertically in Cephalaspis isachseni, 
implying a very high body. 

The Anaspida were small-headed, fish-like ostracoderms with a sinuous 
body. Comparative measurements show that in Cephalaspis lyelli the 
body behind the head is 1.68 times as long as the head, whereas in the 
anaspids, to judge from Kiaer’s restorations, it ranges from 5.3 to nine 
times the length of the head. The top of the small head in anaspids is 
not covered with a continuous shield but with apparently secondary small 
plates and scutes arranged around the median olfactory, median pineal 
and paired optic openings. The “upper lip” in front of the median nostril 
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FIGURE 2 


Anisomerism of the head shield among the cephalaspids. Scales various. A. After 
Traquair. B, D, E, F,G, H,I, J. After Stensié. C. After Powrie and Lankester. 
K. After Patten. Gis probably less specialized than F. 
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was less expanded than in the cephalaspids; it was covered by a median 
rostral and paired lateral rostral scutes (Stetson). The throat or floor 
of the expanded oralo-branchial chamber was covered with numerous small 
scutes. The eyes were relatively large and laterally placed; this fact, 
together with the more fusiform body, implying active pursuit of small 
prey. 

Thus the anaspids illustrate how a predaceous, externally fish-like form 
could be derived from a primitive ostracoderm by easily understood 
processes of secondary polyisomerism and anisomerism. 


The order Pteraspidomorphi or Heterostraci exhibits a primitive dorso- 
ventral asymmetry and bilateral symmetry, with lateral position of the 
paired eyes. There were five primary plates covering the head, one 
median rostral, one dorsal, one ventral and two lateral or branchial plates. 
In some forms median and lateral posterior spikes were taken over from 
the trunk region (Bryant, 1933). Among the true pteraspids anisomerism, 
as shown in Bryant’s material (1933, Fig. 2), was rife, producing all 
extremes from ‘‘mesaticephalic’’ to ‘“‘dolicho-” and ‘“‘brachycephalic’”’ 
types. The rostrum varied from short in Poraspis, Cyathaspis, Anglaspis, 
etc., to the sturgeon-like rostrum of Podolaspis. 


The mouth of pteraspids, as shown by Kiaer (1928), was somewhat 
comparable to that in myxinoids and bore maxillary and mandibular 
plates which were not connected with the branchial arches and therefore 
not strictly homologous with the complex jaws of true gnathostomes. 
There was a transverse row of about eight or nine gular plates on each 
side, implying considerable movement of the floor of the mouth. There 
was only a single gill opening on each side at the posterior end of the 
shield but there were about eight pairs of large pouches arranged in an an- 
tero-posterior series on either side of the mid-line. 


The Drepanaspis type was doubtless derived from the primitive pter- 
aspids by a rapid transverse widening of the head of such a primitive 
anaspid as Eoarchegonaspis wardelli (Bryant). Thus the small eyes were 
carried out to the lateral borders and a cylindrical shield was changed into 
a broad skate-like shield. The five primary plates remain but the field 
connecting them is covered with small irregular polygonal plates essentially 
similar to the large scales on the body. Through these anisomerous 
changes the strongly benthonic body shrinks to seventy-five per cent of 
the length of the head shield. 

The step from Drepanaspis to the flattened Thelodus pagei involves the 
breaking-up of the head shield into placoid tubercles. Such a fragmenta- 
tion, or secondary polyisomerism, culminates in the Coelolepidae (Kiaer, 
1932), which have the appearance at first sight of being the least differen- 
tiated of all ostracoderms. And yet both Stensié and Kiaer have cited 
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many facts tending to show that such fragmentation is quite secondary 
in all branches of the ostracoderms (cf. Stensid, 1932, pp. 195, 196). 

The question which is the most primitive of all the known Upper Silurian 
ostracoderms has been advanced toward solution by the considerations 
adduced by Kiaer (1928) and by Stensié (1932, pp. 185 et seq) concerning 
the morphology of the supposed naso-hypophysial duct in ostracoderms 
and cyclostomes. This duct in existing lampreys opens dorsally in front 
of the eyes but in embryonic stages it arises ventrally; then by the hyper- 
trophy of the post-hypophysial fold the duct is gradually shifted upward 
so that it opens dorsally. According to Stensi6, since there was no external 
median opening of the naso-pharyngeal duct in pteraspids, this duct, 
which is present in all other known vertebrates, must have been on the 
under side of the head and probably immediately below the anterior tip 





A 


Anisomerism of the head shield among pteraspids and thelodonts. Scales various. 
A. Eoarchegonaspis wardelli. After Bryant. B. Drepanaspis gemuendenests. 
From Smith Woodward, chiefly by Traquair. C. Thelodus paget. After Traquair. 


FIGURE 3 


of the notochord, where the hypophysial pit arises in cyclostome embryos. 
In the pteraspids this naso-hypophysial tube remained on the under side 
but in the cephalaspids and their successors the petromyzonts the naso- 
hypophysial tube was displaced on to the dorsal surface through the enor- 
mous hypertrophy of the post-hypophysial fold, which expands into a 
sort of upper lip. 

Such an overgrowth of the prenarial portion of the cephalaspid shield 
may well have been connected with the radial and peripheral growth of 
the so-called ‘‘electric nerves,’’ which in several of Stensid’s plates (1927, 
pls. 45, 49) may be seen dividing and subdividing in a radial peripheral 
way. In any case the possession of this enormous ‘‘upper lip,” analogous 
perhaps in sensory function to the expanded rostrum of the spoonbill 
sturgeons (Polyodon), was probably a point of departure for specializations 
of selective value in cephalaspids. The same peripheral spreading of the 
upper lip would cause the dorsal position of the paired eyes. The result 
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of this expansion of the upper lip is to produce a subcircular head shield 
in the typical cephalaspid and an entirely misleading convergent resem- 
blance to skates and rays, in which the disc is due to expansion of the 
pectoral fins. 

This marked anisomerism of the anterior part of the head shield is the 
dominant feature of the cephalaspid, and it no doubt conditioned also 
the sub-circular arrangement of the gill-pouches on the under side of the 
shield. 

The foregoing application of the principles of polyisomerism and ani- 
somerism to the study of the evolution of the oldest known chordates natu- 
rally brings up the question of the origin of Amphioxus and other pre- 
chordates. In the light of present evidence it appears that Amphioxus 
represents a very highly specialized and in many respects simplified 
derivative of some such ostracoderms as the Anaspida. Extreme secondary 
polyisomerism is seen in the structure of the gill-arches and in the multi- 
plication of the myomeres, while sharp negative anisomerism has reduced 
the brain almost to the vanishing-point. The nakedness of the body 
might also be expected in highly specialized modern derivatives of the 
originally short-bodied and well armed ostracoderms. 

Summary and Conclusions—(1) The most primitive known ostra- 
coderms were probably such forms as Poraspis and Palaeaspis; these 
had already advanced far from the possibly proto-echinoderm ancestors 
of the chordates; however, they retained no evident trace of quinque- 
radiate symmetry but were already dorso-ventrally anisomerous and 
bilaterally polyisomerous. 

(2) The head shield of the pteraspids, involving a many-layered skin, 
was divided into five primary plates: one median rostral, two lateral or 
branchial, one median dorsal and one ventral. Both the head shield as a 
whole and the individual plates were subject to marked anisomerism in 
the divergent derivatives of the primitive pteraspid. At one extreme 
stands the long and narrow Podalaspis, at the other the well rounded 
Protaspis perlatus Bryant. 

(3) The thelodonts and coelolepids may be regarded as excessively 
widened pteraspids derived perhaps from a Drepanaspis-like ancestor but 
with fragmented or secondarily polyisomerous exoskeleton. 

(4) The naso-hypophysial opening of cephalaspids, which is on the 
dorsal surface of the head shield in front of the eyes, reached its position, 
according to Stensié, in the same way as does the naso-hypophysial opening 
of the recent lampreys (petromyzonts). That is, it probably arose in 
the embryo on the upper surface of the buccal cavity but opened down- 
ward. Through the great expansion of the post-hypophysial fold, the 
naso-hypophysial pit became displaced forward, so that what was originally 
its lower end came to open on the top of the head. 
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(5) The great expansion, or positive anisomerism, of the oral margin 
of the head shield of cephalaspids may have been associated with radial 
growth and secondary polyisomerism of the so-called ‘electric nerves,” 
the canals of which, as preserved in many of Stensi6’s specimens, are seen 
to divide and subdivide according to a regular system. 

(6) Anisomerism of the head shield within the order Osteostraci pro- 
duced on one hand extremely wide short head shields, as in Benneviaspis, 
and on the other, the long narrow shield of Hemicyclaspis. Fragmentation 
of the shield led to the tuberculate exoskeleton of Thyestes and Sclerodus. 
The pectoral cornua, absent in Hemicyclaspis, became exceedingly long in 
Sclerodus (Eukeraspis). In the vertical axis most cephalaspid head 
shields were low and broad but in Cephalaspis isachseni the nuchal crest 
swept steeply upward into a high body. 

(7) The anaspids seem to have been derived from primitive cephal- 
aspids, as held by Stensié, but by secondary polyisomerism of body seg- 
ments and marked anisomerous reduction of the head shield they were 
transformed into relatively long, slender and sinuous fishes of rapid flight 
and probably predaceous habit. Meanwhile the head shield became 
much fragmented and the throat covered with small scutes. 

(8) The two existing cyclostome orders, petromyzonts and myxinoids, 
retain many qualitative, deep-seated morphological characters from 
ancestral ostracoderms but have carried still further the secondary poly- 
isomerism of body segments, so that the body may be more than twelve 
times as long as the head. Myxinoid embryos, according to Stensi6, are 
more primitive in retaining the inferior position of the naso-hypophysial 
duct and so may have been derived from the pteraspids; the petromyzonts 
have shifted the naso-pharyngeal duct on to the top of the head and retain 
part of the cephalaspid head shield or expanded ‘‘upper lip.” 

(9) Amphioxus may be a greatly degraded anaspid ostracoderm which 
has completely lost its head shield and suffered marked anisomerous 
growth of the notochord, with secondary polyisomerism of the branchial 
basket. The brain has become extremely small. Its nakedness is to be 
expected in a specialized derivative of primitively armored forms. 


1 Gregory, William K., ‘‘Polyisomerism and Anisomerism in Cranial and Dental 
Evolution among Vertebrates,’ Proc. Nat. Acad. Sct., 20, 1-9, January (1934). 
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THE SNAKES OF THE GENUS NINIA* 


By EMMETT REID DUNN 
DEPARTMENT OF BIOLOGY, HAVERFORD COLLEGE 


Communicated December 15, 1934 


A study of the Herpetology of Panama, Costa Rica and Nicaragua, 
begun under a John Simon Guggenheim Memorial Fellowship, was con- 
tinued in the summer of 1933 under a Grant-in-Aid from the NATIONAL 
RESEARCH CounciL. In order to clarify the situation of Ninia in these 
countries it was found necessary to examine many specimens from else- 
where, so that a general idea of the genus was gained and is here offered. 
This clarification has involved examination of the entire collections of 
Ninia in the Museum of Comparative Zodlogy, the American Museum of 
Natural History, the Academy of Natural Sciences and the United States 
National Museum. To the authorities of these Museums (and of the 
many others, to be listed elsewhere, in which I have seen material from the 
countries named), and to the two foundations, I wish to express my thanks. 

The genus Ninia may be defined as follows: Small Colubrid snakes with 
hypapophyses on all body vertebrae; hemipenis with sulcus forking 
proximally, with proximal hooks and distal calyces, the areas so furnished 
about equal in extent, calyculate area with free proximal edge (capitate) 
and divided so that the organ is somewhat bifurcate; maxillary teeth 
15-18, subequal; mandibular teeth subequal; dorsal scales keeled, striate, 
without pits (Boulenger 1893, Cat. Snakes Brit. Mus. Nat. Hist. (2), 1, 
p. 292, says with pits, but microscopical examination of five forms has 
failed to disclose them); caudals double; anal single; preocular none 
(very rarely present in one form); pupil vertically elliptic; males with well 
developed spiny tubercles on chin scales; Mexico to Venezuela and 
Ecuador; five forms. 

Two ill-known genera, Chersodromus of Mexico and Diapharolepis of 
Northwestern South America, seem to resemble Ninia except in having the 
prefrontals fused. 

The least modified members of Geophis (leading to the allied genera 
Atractus, Carphophis, Farancia and Abacura) are manifestly allied to 
Ninia. So also the least modified members of Tropidodipsas (leading to 
Sibon, Sibynomorphus and the other so-called American ‘“Amblyce- 
phalidae’’) are obviously similar to Ninia. These resemblances are shown 
by the hemipenis, the dentition, the elliptical pupil, the single anal, the 
keeled, pitless scales, the usual absence of the preocular, and the spiny 
tubercles on the chin of the male. Thus Ninia occupies a central position 
between a group of burrowing forms and a group of arboreal forms. No 
obvious allies to this group of genera are known at present. 
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I have examined 314 specimens of Ninia, 30 of which I took myself, 
having seen sebae and diademata in the field in Mexico; maculata and 
psephota in Costa Rica. The habits and behavior resemble those of 
Storeria. They flatten the entire body when alarmed. 

Certain general statements in the following key may be modified. 
While diademaia has six upper labials normally, a single specimen from 
Guatemala, which differs in no other respect, has been described as having 
seven, and called labiosa. No others with seven have been reported, 
and the 32 seen have six. 

Two specimens of atrata have preoculars. Forty-eight seen, as well 
as those described, lack them. Thetwoare: A.N.S. 3410, which has two 
preoculars on each side, the loreal entering the eye between them; A.N.S. 
3412, which has two on each side separating the loreal from the eye. Pre- 
oculars are unknown in the rest of the forms. 

Dumeril and Bibron report 17 scales for sebae, instead of 19. 

Werner reports 21 scales in one of the types of his subtessellatus, instead 
of the normal 19. 

A midventral black stripe appears in the following specimens, in place 
of the normal coloration: 

atrata: Cartago, B.M.N.H.; Cariblanco, B.M.N.H., Vienna; Bruja 

Mts., M.C.Z. 24928-9; Atlantic side Darien, U.S.N.M. 24498. Six 

out of 50 specimens. 

maculata: San Jose, A.M.N.H. 17294-5. Two out of 64 specimens. 

sebae: Boquete, Mich. 57971; upper Costa Rica, U.S.N.M. 6357. 

Two out of 157 specimens. 

With regard to my division of atrata into three species I urge the follow- 
ing considerations. I have had no difficulty in allocating 271 specimens. 
Only one form (airaia) is known from South America, and only one (sebae) 
from Mexico. Airata is twice the size of sebae or maculata, and occurs 
with the latter in Costa Rica without a sign of change in either. Maculata 
occurs with sebae in eastern Nicaragua without any sign of intergradation. 
In Costa Rica maculata seems concentrated on the Atlantic slope and 
sebae on the Pacific. The latter occurs in Panama only in Chiriqui, while 
maculata is all over the Canal Zone. In Nicaragua, maculata is only on 
the Atlantic slope while sebae is everywhere. These facts seem to me to 
imply specificity. 

Key TO Form oF NINIA 
A. 19 scale rows; 7-8 upper labials; caudals 34-70. 


B. Uniform black above; a more or less marked lighter collar; belly usually im- 
maculate, never checkered; ventrals 129-157; o& caudals 45-67; © caudals 34-54 


BB. Brown above with black cross bars; no marked collar; belly usually checkered, 
never immaculate; ventrals 130-155; <o caudals 54-56; © caudals 45-54 
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BBB. Red above with or without black cross bars; a yellow collar followed by a 
black one; belly usually immaculate, never checkered; ventrals 131-147; o& 
caudais 45-0; 2 COUMRIN BO-O8 sd oo iicccie ied edi koala’ Uae U4 Sao oe Powe sebae. 

AA. 19 scale rows; 6 upper labials; co caudals 87-101; © caudals 75-92; ventrals 
136-156; black above with a yellow collar; belly yellow with a black midventral 
Nish oh POCIR Gi CONN So inc cosa ise Ris cia ade eS Va es, Wha ele praia ore diademata. 

AAA. 17 scale rows; 6 upper labials; ventrals 158-162; caudals 68-73; black above 
with narrow white vermiculations; belly checkered with black and yellow.... 


In the following list the types mentioned have been examined. The localities given 
are at the extremes of the ranges. 


NINIA Baird and Girard. 


1853 Ninia Baird and Girard, Cat. N. Amer. Rept., p. 49. Monotype diademata. 

1854 Streptophorus Dumeril and Bibron, Erp. Gén. 7, p. 514. No type designated. 
Included species: Sebae, Drozit, Lansbergi, bifasciatus. I hereby designate 
bifasciatus (=diademata) as the type. 


Ninia atrata (Hallowell). 


1854 Coluber atratus Hallowell, Proc. Acad. Nat. Sci. Philadelphia, p. 245. Colombia 
[Venezuela] less than 200 miles from Caracas. Types A.N.S. No. 3410-2. 

1854 Streptophorus Drozit Dumeril and Bibron, Erp. Gén. 7, p. 518. New Orleans 
fry, 

1854 Streptophorus Lansbergi Dumeril and Bibron, l.c., p. 518. Caracas. 

1862 Streptophorus sebae Schmidti Jan, Arch. Zo6l. Anat. fis. 2, p.27. Guayaquil. 

1881 Streptophorus spilogaster Peters, Sitz. Ges. Nat. Fr. p. 49. Ecuador. 
Range: Specimens have been seen from Trinidad (M.C.Z. 10266), Venezuela, Co- 
lombia, Ecuador (Pallatanga, A.M.N.H. 32026), Panama, and Costa Rica (Cartago 
B.M.N.H.; Cariblanco, M.C.Z. 15292-3). Fifty specimens have been examined. 


Ninia maculata (Peters). 


1861 Streptophorus maculatus Peters, Mon. Ak. Berlin, p. 924. Costa Rica. Types 
Berlin 1872-4. 

1875 Ninia sebae tessellatus Cope, Journ. Acad. Nat. Sci. Philadelphia (2), 8, p. 145. 
Sipurio, Costa Rica. Types U.S.N.M. 32568-9. 

1909 Streptophorus subtessellatus Werner, Mitt. Nat. Mus. Hamburg 26, p. 215. Costa 
Rica. Types Hamburg 4185. 
Range: Panam4 Canal Zone (Gatun U.A.N.M. 50114, Ancon M.C.Z. 22831-3), 
Costa Rica, Nicaragua (Jinotega B.M.N.H.). Sixty-four specimens have been 
examined. 

Ninia sebae (Dumeril and Bibron’. 


1854 Streptophorus Sebae Dumeril and Bibron, Erp. Gén. 7, p. 515. Mexico. Type 
Paris 3778. 

1855 Elapoidis fasciatus Hallowell, Journ. Acad. Nat. Sci. Philadelphia (2), 3, p. 35 
pl. 4. Honduras. Type A.N.S. 3409. 

1862 Streptophorus sebae collaris Jan, Arch Zoél. Anat. fis. 2, p. 27. Mexico. 

1883 Streptophorus sebae dorsalis Bocourt, Miss. Sci. Mex., p. 547. Belize. 

1883 Streptophorus sebae punctulatus Bocourt, l.c., p. 547. Guatemala. 
Range: Panam4 (Boquete Mich. 57971), Costa Rica, Nicaragua, Honduras, 
British Honduras, Guatemala, Mexico (Jalapa M.C.Z. 16130-34; Cerro Barego, 
Oaxaca A.M.N.H. 19726-34). One hundred and fifty-seven specimens examined. 
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Ninia diademata Baird and Girard. 

1853 Ninia diademata Baird and Girard, Cat. N. Amer. Rept., p. 49. Orizaba, 
Mexico. Type U.S.N.M. 12122. 

1854 Streptophorus bifasciatus Dumeril and Bibron, Erp. Gén. 7, p. 520. 

1883 Streptophorus labiosus Bocourt, Miss. Sci. Mex. p. 550, pl. 22, f. 6. Guatemala. 
Range: Honduras (Tela M.C.Z. 20202), Guatemala, Mexico (Zacualtipan A.N.S. 
14757, Jalapa M.C.Z. 16112-21). Thirty-two specimens examined. 

Ninia psephota (Cope). 

1875 Catostoma psephotum Cope, Journ. Acad. Nat. Sci. Philadelphia (2), 8, p. 145. 
Pico Blanco, Costa Rica, 5000-7000 feet. Type U.S.N.M. 61971. 

1909 Streptophorus oxynotus Werner, Mitt. Nat. Mus. Hamburg, 26, p. 216. Cari- 
blanco, Costa Rica. Type Hamburg 4184. 

Range: Higher regions of Costa Rica. Eleven specimens examined. 

I cannot place Streptophorus maculatus pavimentatus Bocourt (1883, Miss. 
Sci. Mex. p. 549, pl. 32, f. 8; pl. 33 f. 2) from Haute Vera Paz. Guatemala. 
I have not seen the type nor any specimens from Guatemala resembling 
the figure. 


* Contributions from the Department of Biology, Haverford College, No. 25. 


A NEW PREHISTORIC CULTURE IN PUERTO RICO 
By FROELICH G. RAINEY 
PEABODY MuSEUM, YALE UNIVERSITY 
Communicated November 20, 1934 


During archaeological excavations carried out in Puerto Rico in the sum- 
mer of 1934, a clear and well-defined substratum of occupation was found 
underlying shell heaps or middens in three widely separated sections of the 
island. This substratum proved to contain types of cultural material 
markedly different from those which have been previously found in Puerto 
Rico. The contrast between cultural types of this substratum and those 
found in the superimposed shell level makes it clear that a distinct culture 
is represented by these remains. Since the material has been found as a 
substratum in middens on the northwest, northeast and south coasts, 
we may infer that a more or less homogeneous culture occupied the whole 
coast line at an early period, prior to that culture represented by material 
in the middens proper. 

This new type of culture refuse was discovered while excavating a large 
midden in Barrio Canas near Ponce on the south coast. This midden ap- 
peared as a long low mound with a gradual rise to an elevation of two 
meters, and it extended over an area sixty-four by twenty-two meters. 
The bulk of the mound was a shell heap or midden typical of the Greater 
Antilles, and was composed of conch, oyster, clam, scallop and snail shells 
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mixed with blackened earth, ashes, charcoal, potsherds and implements. 
A trial trench along the western end exposed a yellowish stratum below the 
normal shell heap, which was at first thought to be sterile, but which proved 
to contain a distinctly new type of pottery, masses of disintegrated crab 
shells, and some manati, hutia, fish and bird bones. Continued excava- 
tion indicated that this deposit extended below the western half of the 
mound in a consistent and well-defined stratum never intermixed with the 
upper shell level. The distinctive pottery types and associated objects 
of the lower level were not carried over into the upper, and traits charac- 
teristic of the upper level were not found in the lower. A study of the ma- 
terial from the upper shell level or midden proper, which is now in progress, 
makes it clear that there is little variation in pottery types, tools and 
ornaments in these deposits, and for the present at least, they can be 
grouped roughly with that complex of traits found throughout the Greater 
Antilles and referred to as Insular Arawak. 

The next midden to be excavated was in Barrio Coto near Isabela on the 
northwest coast approximately seventy-five miles from Ponce. The same 
stratification appeared again in this midden although the amount of ma- 
terial representing the new culture was much smaller, and the strata were 
not so clearly defined. 

The last site undertaken was near Luquillo at the eastern end of the 
island about one hundred miles from Isabela. Of the three middens 
excavated at this site, one was of the same composition as that in Canas, 
with material of the new culture in the lowest level. 

Hence, at least two and possibly three culture horizons can now be 
defined in Puerto Rico. The earliest known at present is that which has 
just been found lying below the normai shell heap material, and because of 
its deposition in masses of crab claws, may be designated as the crab 
culture. Following this is the well-established Arawak culture, which is 
represented by material from the shell heaps proper. The possibility 
of a third culture horizon is suggested by the fact that no large, carved, 
three-pointed stone zemis and no stone collars, which are so commonly 
associated with Puerto Rican archaeology, were found in any of the eight 
middens excavated and tested. Small three-pointed objects of stone, 
clay and shell were found in the shell heaps proper, and may be compared 
to what have been termed three-pointed stones of the first class, but the 
large, carved, three-pointed stone zemis are entirely lacking. It may be 
that these zemis and stone collars represent a third and more recent phase 
of influence or development. However, extensive work in the interior 
of the island and particularly in sites termed “Juegos de bola,” or “‘Ball- 
courts,” is necessary before this possible third phase can be determined. 

The culture horizons for Puerto Rico may be tentatively established as 
follows: 
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3. Problematic Recent culture 

2. Arawak culture 

1. Crab culture 

Since the crab culture is mentioned here for the first time, a brief de- 
scription of the outstanding traits seems advisable. The pottery is char- 
acterized by the use of painted decoration on well-fired vessels of fine- 
grained clay. It stands in sharp contrast to pottery of the upper level, 
which is coarse, poorly fired and rarely painted or slipped with red. All 
the pottery of the early period is thin, hard and durable, clearly represent- 
ing an advanced technique in pottery manufacture. Painted wares 
generally appear in three colors, since designs are painted in red and white 
over the brown polished surface of the vessels. Ina few examples the three 
colors are used to form the design, in which case the brown polished base 
is left unpainted to form one element of the pattern. Much more com- 
monly the inside of the vessel is left a polished natural clay color, and the 
outside is painted red superimposed with white. Designs are generally 
in the negative, formed in red and outlined by the white paint. 

Designs in red paint on the polished surface of the vessels are present 
but rare. In a few cases yellow and salmon-colored paint are used to form 
the design. 

A characteristic design technique is the use of white paint to fill the 
lines of an incised pattern. In such cases the incised design is often in the 
form of a tight spiral pattern. Incised decorations appear on the inside 
as well as the outside of shallow bowls and in some cases were applied 
after the firing of the vessel. 

Painted decorative motives are made up of straight and curved lines, 
scrolls, dots and panels. A characteristic motive is a rectangular figure 
with concave sides. This always appears in the negative in red. There 
are two examples of a conventionalized triangular face. 

Pottery forms are generally bowls with a wide flaring rim, round cooking 
pots with D-shaped handles, large urns with restricted necks and the same 
D-shaped handles, shallow dishes and vase-like vessels with broad flat 
bottoms and nearly vertical sides. A characteristic type is the shallow 
bowl with a deep hollow annular base. No boat shapes are present. 

Modeled heads or ‘‘adornos”’ on rims and handles are not uncommon and 
are of a unique type, often painted red and white. One of these contains 
a rattling clay pellet, as does also a pottery leg found at Canas. A unique 
modeled form is a perforated knob on the side of bowls. 

Of the associated artifacts the most characteristic tool of this crab cul- 
ture is an adze-like celt which is rectangular and has one convex side and 
one flat side leveled off with remarkable precision. A cross-section would 
appear as a half moon. No true petaloid celts were found in the early 
period material at the Bario Canas site. Shell celts were also absent, but 
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a few peculiar problematic shell implements were found. Well-worked 
shell spoons and one conch shell cup are included. 

The complex of traits characterizing crab culture material may be 
listed as follows: 


Red and white painted designs on polished and slipped vessels. 
Negative designs. 

Spirals, scrolls and curvilinear motives. 

White paint inlaid in incised patterns. 

The use of fine clays and an advanced technique in firing. 
D-shaped handles. 

Perforated knobs on the sides of bowls. 

Annular bases. 

Red and white painted ‘‘adornos” of a unique type. 
Rectangular adze-like stone celts. 

Shell spoons. 


A few sherds of White-on-Red-Painted Pottery of crab culture type 
had been found previously in southwestern Puerto Rico.! Scattered sherds 
had also been found in Santa Cruz,? St. Kitts,* Nevis,* Montserrat, Car- 
riacou, Grenada and Trinidad in the Lesser Antilles. A rare type of 
polychrome sherd reported in Santo Domingo may be comparable.‘ 
Nothing of the kind is known from Haiti, Cuba or the Bahamas. These 
facts may suggest an early connection between Puerto Rico and northern 
South America which might be indicated in the Lesser Antilles. Un- 
fortunately, stratigraphic work in the Lesser Antilles is wanting. 

The field work in Puerto Rico was a part of the Scientific Survey of the 
island organized by the New York Academy of Science. It was supported 
by the American Museum of Natural History, Voss Fund, and by Peabody 
Museum of Yale University. The assistance of Dr. Carlos Chardon of 
the University of Puerto Rico, and of the members of the Insular Depart- 
ment of Agriculture made possible a rapid survey of the island and the loca- 
tion of the sites excavated. An adequate supply of labor obtained through 
the Puerto Rican Emergency Relief Administration was one of the most 
important factors in the success of the work, since the sites are very ex- 
tensive and not markedly rich in culture refuse. 

An analysis of the material is now being made in preparation for the 
complete report, the publication of which will probably be delayed until 
further work in the interior of the island has been carried out and cor- 
related with the last season’s work on the coast. 


1 Dr. J. L. Montalvo-Guenard has some sherds of this type which he figures in his 
recent publication, ‘‘Rectificaciones Historicas. El Descubrimiento de Boriquén.” 
Ponce, P. R., 1933, p. 90. Dr. Montalvo very kindly pointed out the site in Bario 
Canas which produced the first type material. 
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? Hatt, Gudmund, ‘Archeology of the Virgin Islands,” Proc. XXI Cong. Ameri- 
canists, 1924, p. 33. 

3 Branch, C. W., “Aboriginal Antiquities in Saint Kitts and Nevis,’ Amer. Anth., 
Vol. IX, p. 327 (1907). 

4 Krieger, H. W., ‘Aboriginal Indian Pottery of the Dominican Republic,’’ U. S. 
National Museum Bull. 156, Washington, D. C., p. 58 (1931). 


THE INDIVIDUAL GENE IN RELATION TO THE CHROMOMERE 
AND THE CHROMOSOME* 


By H. J. MuLLer** anp A. A. PROKOFYEVA 
INSTITUTE OF GENETICS, ACADEMY OF SCIENCES, Moscow 


Communicated November 5, 1934 


We have endeavored during the past year to determine, by analysis of 
a selected lot of chromosome breaks produced by irradiation in Drosophila, 
to what extent the chromosome is subdivisible into its constituent genes 
(or perhaps still further?), the cytological basis of the constituents thus 
separated out, and the functional consequences of such separation. Re- 
sults have already been attained which throw some light upon all of these 
problems. They are being described in detail in a series of papers in 
press, and the present article presents only a preliminary survey of them. 

In the present work, attention has been mainly concentrated upon a 
highly restricted region of the chromatin, in which as many cases of break- 
age as possible were analyzed with reference to one another, in order to 
determine what limitations there might be in regard to the positions 
and manner of breakage. The basis for selection, ie., the criterion that 
the break lay within the narrow limits desired, consisted in the phaenotypic 
effect, accompanying breakage, which was produced on one of the char- 
acters (‘‘scute,’’ ‘‘achaete’’ or “‘yellow’’), affected by the region in ques- 
tion. The essence of the method of analysis (Muller!) consisted n mak- 
ing recombinations between the various cases of breakage, taken two at a 
time, with the resultant production of individuals containing the portion 
of the chromosome to the left of one of the two breaks, together with that 
to the right of the other break. If the first break was to the left of the 
second one, this recombinational individual would necessarily contain a 
deficiency for the region lying between the two breaks, and would hence 
tend to die or be abnormal, while the complementary recombinational 
individual (containing the portion of the chromosome to the left of the 
second break, and that to the right of the first break) would carry a duplica- 
tion of the genetic material lying between the two points of breakage, a 
circumstance not nearly so upsetting to the soma. Mudtatis mutandis, if 
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the second break were to the left of the first, the reverse phaenotypic 
relations would be observed. If the two breaks were in identical posi- 
tions or in positions so nearly identical that a deficiency of the region be- 
tween them was without detectable effect on the soma, then neither of 
the complementary classes of recombinations would be lethal or give the 
appearance of abnormality. In the actual working out of this method 
many complications arose, the details of which cannot be mentioned here; 
these depended on the fact that the breakages involved reattachment of the 
broken fragments at another point in the chromatin than before and this 
was nearly always at another point of breakage; thus deficiencies and 
duplications arose in the region of this other breakage as well, and had to 
be overcome .n some way or else allowed for. 

Thus far seven breaks in the chosen region have been analyzed with 
reference to each other (and an eighth break has been analyzed with refer- 
ence to six of the former seven). Among these seven cases, only four surely 
separate positions of breakage have been found. In other words, three 
of the breakages were either in exactly the same position as previously 
studied breakages, or in so nearly the same position that a complete de- 
ficiency of the region between the two points of breakage was practically 
without phaenotypic effect. Nevertheless, the other breakages were far 
enough apart, so that a deficiency of the region between any two of them 
was productive of a drastic phaenotypic effect (lethal in all cases but one). 
The conclusion therefore becomes probable that there are only certain 
fairly definite positions at which the chromatin may ordinarily be broken 
by irradiation, and that, by the methods here used, it is possible to dis- 
cover the totality of these positions within a region circumscribed in the 
way explained. The blocks of material between these positions may be 
regarded as “‘genes’”’ and, if this is true, the distances apart of the dis- 
similar breaks studied in an experiment of this kind are of the same order 
of magnitude as the individual genes, and thus the absolute number of 
genes contained within the restricted region is determinable by prolong- 
ing the experiment until it has become probable, by reason of the number of 
recurrences, that each possible position of breakage has been represented 
by at least one breakage. The present experiments are being continued 
with this objective, but in the meantime it is evident that the number of 
genes in the region between the two most distant breaks found in the ex- 
periment is at least of the same order of magnitude as the number of 
blocks thus far found, and probably not much more than twice that num- 
ber. 

At the same time evidence has not yet appeared that a gene—even the 
mooted gene for ‘‘scute’’—can be divided within the limits of its own struc- 
ture, in such a way as to permit the continued life of both separated por- 
tions. Further work of this kind should decide this question definitely. 
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The results, on the other hand, do indicate that even at the present level 
of fineness of resolution, the genes are arranged in line, i.e., in single file, 
inasmuch as all the recombinations gave results consistent with one another 
in showing the same gene order. 

A further line of evidence for the conclusion that the distances between 
the breaks in question were of the order of magnitude of individual genes 
emerged from the finding that one of the deficiencies of a region between two 
near-by breaks was not lethal in its phaenotypic effect, but produced 
conspicuous visible abnormalities, corresponding to previous inferences 
regarding the visible effects which would be produced by absence of just 
two specific genes (those for ‘‘yellow’’ and ‘‘achaete’’) lying in the region 
in question. Here then there is little doubt that the two breaks considered 
were separated by the space of just two genes. 

The total cytological extent of the entire region studied in this experi- 
ment was determined by Prokofyeva through observations of the chromo- 





FIGURE 1 


Camera lucida drawings of typical specimens showing left end of normal X chromo- 
some and corresponding region in sc}, yP » sc, sc4, 


somes in the salivary glands, following Painter’s method.”* She found 
that the whole region occupies only a portion, about */,, of one chromatic 
ring or node (the second) as seen in this material. (In the normal chromo- 
some this ring sometimes appears double, but is not further resolvable 
by ordinary cytological methods.) Estimating the proportion which the 
region in question forms of the total material present in all the chromatic 
rings, we can thus already arrive at a tentative approximation of the num- 
ber of genes in the chromatin; it is of the order of a few (ca. 5-10) thousand. 
This agrees with some previous estimates of the senior author,*>®’ using 
totally different methods. 

The differences in position of the different breaks were also discerned 
cytologically by Prokofyeva, pieces of obviously different thickness hav- 
ing been taken off the second ring in the different cases (see Fig. 1). The 
relative amount removed in each case corresponded with that to be ex- 
pected on the basis of the genetic findings, as indicated in the schematic 
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diagram (Fig. 2) herewith presented of the region in question (the end 
of the X-chromosome which is normally free). Even the difference in 
position of the two breaks (y*” and sc) that were separated by the space 
of only two genes was visible, though nearly on the limit of microscopic 
resolution (being of the order of !/\) of a micron). Genetic and cytological 
maps agreed throughout, and were linear. On the basis of these results 














FIGURE 2 


Diagram based on preparations like those illustrated in figure 1. 
Parts absent from left end of X-chromosome of Drosophila, as 
seen in salivary glands, in the cases of different gene rearrange- 
ments. The part shown by a brace is that absent from the region 
in question in the case of the rearrangement designated. The 
dotted lines indicate positions of breakage, but not structures 
visible in the normal chromosome. 


it is also seen that the very thin rings found in various parts of the chro- 
matin (notably in the fourth chromosome) turn out to be of about the 
same size as that which we have above deduced to correspond to an in- 
dividual gene. 

The results then show that at least the regions of the chromatic 
nodes (‘“‘rings” or ‘‘bands” .of the chromosomes of the salivary glands) 
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contain genes (we leave still open the composition of the non-staining inter- 
nodes) and that some at least of these nodes contain clusters of genes rather 
than individual genes. Since crossing-over is known to occur between yel- 
low and scute, which are both in the cluster here studied, it is clear that 
the internodal regions are not to be identified with necessary positions of 
crossing-over. As yet, their function remains unexplained. According 
to the theory of Koltzoff* (see also Alverdes®’®), which we accept, the 
nodes or rings of the salivary gland chromosomes represent chromomeres, 
inasmuch as an entire chromosome in a salivary gland cell is a hollow 
cylindrical bundle of uncoiled and parallel-lying chromonemata, formed 
by the repeated division and conjugation of the single chromonemata in 
two original homologous chromosomes, and since homologous chromomeres 
of all the chromonemata of a bundle would lie apposed, they would give 
the appearance of rings or cross-striations (cf. the structure of muscle 
fibres). Transferring then our conclusions from terms of nodes to terms 
of chromomeres, we see that the chromomeres contain in some cases at 
least whole groups or clusters of genes, the individual members of which 
are linearly arranged and are separable from one another both by break- 
age and by crossing-over. The diagram based upon this conception is 
shown in figure 3. 

This conclusion seems at first contrary to the conclusion reached by 
Belling!! regarding the one-to-one correspondence between genes and 
chromomeres in certain flowering plants, but it is possible that the genes 
are more regularly spaced and isolated in the latter, corresponding more 
nearly with the smaller chromomeres found in some parts of the chromatin 
of Drosophila (e.g., in chromosome IV) and that finer optical methods 
(e.g., the use of ultra-violet light) might resolve the larger chromomeres 
of Drosophila into their gene constituents. Nevertheless, it must be recog- 
nized that in Drosophila the genes are not evenly distributed as Belling 
had pictured for flowering plants, and that most of the larger objects 
which appear as single chromomeres by ordinary methods really contain 
more than one gene, while the smallest chromomeres probably contain but 
one gene. 

The genes of a cluster are capable of forming new clusters by synthesis, 
for cases were found in which a fragment broken off from one node (cluster) 
became attached in another region of the chromatin in such a way as to 
become directly joined onto a portion of another node (cluster), to form a 
new compound node. It should further be noted that this process of 
breakage can occur simultaneously at two different points within the limits 
of the very same node, with the deletion of the tiny region between the two 
points of breakage and its insertion into another region of the chromatin; 
this has been determined both genetically and cytologically (case of scute 
19). Thus we see that even though a few genes are removed from the as- 
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sociate genes on either side of them, they can still maintain themselves and 
reproduce in their new surroundings, and are in that sense independent 
of one another. Moreover, the genes in the one-gene chromomeres seem 
normally to be comparatively isolated (unless the internodes, too, contain 
genes). 

The above work indicates the potentially discontinuous character of the 
hereditary material, in that it is divisible into definite blocks capable of 


chromomere 
1 


breakages of yy’ and SC (first break) 


genes for .yellow, and ,achaete» 





chromomere 8 
breakage of SC 


gene for «Scute»(& for Lethal) 
breakages of S¢* and ac! 
“one on more Lethal genes 
breakage of S¢™ (second break) 
«viab.» gene 


breakage of Bld. 





chromomere ; 
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FIGURE 3 


Diagram of structure of individual chromonema, showing 
map of chromomere 2. This map is based on genetic analysis by 
the method of breakage recombination in the case of all parts 
shown, and is also based on cytological observation (see Figs. 1 
and 2) in the case of all breakages except yy‘ and sc”, 


self-propagation in any new arrangement, and it also indicates that this 
divisibility has certain limits of size. On the other hand, studies of the 
phaenotypic effects produced in the presence of these rearrangements have 
brought us strong evidence that the genes are, from the point of view of their 
functions in determining the characters of the organism, not discontinuous, 
in that neighboring genes enter into special relations with one another, 
with the resultant formation of a gene-system of a specific pattern, the 
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joint functioning of which, as such, is necessary for the normal develop- 
ment and maintenance of the somatic characters. 

Several years ago Muller had found that changes in gene arrangement 
were usually accompanied by changes in the phaenotypic effects of genes 
lying near the points of rearrangement, and suggested’!*1* that the general 
explanation of this result might lie in localized influences between propin- 
quitous genes, such as Sturtevant" had already demonstrated in the special 
case of the Bar gene, but, as Muller pointed out’!*! it was also con- 
ceivable that the results might be due to mutations or losses of genes occur- 
ring concomitantly with, and caused by the same disturbances as, the 
chromosome breakage. Dobzhansky and Sturtevant! later showed that 
phaenotypic changes accompanying breakage could be demonstrated 
rather regularly through the weakenings of dominance of genes near 
breaks in small fragments of active chromatin. Frequency of effect, how- 
ever, might merely indicate the sensitivity of loci to the transmuting effect 
of the local process that simultaneously causes the break. Dubinin and 
Sidoroff!’ also have recently shown that in the case of the locus of “‘cubitus 
interruptus” in chromosome IV, when there is a change in the gene ar- 
rangement near-by (translocation), an alteration frequently occurs, in the 
mode of expression of the originally normal gene. They find that this 
change is visible only as a weakening of dominance, and since this sort of 
change has not hitherto been detected very often among ‘‘gene mutations,”’ 
they bring it forward as evidence that ordinary gene mutation has not oc- 
curred here, but that it is the change in gene propinquities which must be 
responsible for the effect observed. This argument, however, meets with 
difficulties in view of the mode of expression of such cases of gene mutation 
as those of ‘“‘nick’’ in connection with vestigial, found by Bridges,’* of 
“‘vortex”’ in connection with ‘“‘dumpy,” by Muller,’® of “ebony 12” in con- 
nection with “ebony,” by Stern,” of “spineless” in connection with 
“aristopedia,” by Sturtevant,?! and of “not-white’” in connection with 
“white,” by Muller®?; these cases are necessarily difficult to detect. 

However that may be, we have now found in our present work crucial 
evidence from another direction for the position effect hypothesis. The 
scute character, the pattern of which is usually so different in the case of 
different allelomorphs, is in general affected if a break and rearrangement 
occur near the scute locus, but it is affected in all sorts of different ways 
in the case of different rearrangements. When, however, as in one case 
observed in our present work, practically the same rearrangement recurs, 
we find that practically the same phaenotypic change also has been pro- 
duced (cases of scute 4 and scute Z8). That the very case of such a rare 
phenomenon—the recurrence of phaenotypically the same scute mutation— 
should be accompanied by this other still rarer phenomenon—the recur- 
rence of a case of double breakage in almost the same ‘wo positions—is 
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a virtual proof that the nature of the phaenotypic change was dependent 
upon the nature of the rearrangement. 

In view of the fact that different phaenotypic changes of scute ac- 
company different rearrangements near this locus, and in view of the es- 
sentially similar phenomena observed at other loci, we may then arrive at 
the broad conclusion that, in general, apparent mutations accompanying 
breakage are really resultants of the change in gene propinquities (posi- 
tion effect). We have found, moreover, that some ‘‘mutations” result 
from minute rearrangements (e.g., scute 19), and it is evident that, when 
these rearrangements are inversions, they must seem like ‘‘point muta- 
tions’ so far as ordinary genetic tests are concerned. Thus the occurrence 
of a real intragenic mutation in any individual case suddenly becomes a 
matter very difficult of proof, although irrefutable general arguments for 
the general existence of such mutations still remain. 

Most scute mutations, be it noted, are accompanied by some rearrange- 
ments, although the point of rearrangement lies outside of the scute gene 
itself, and can be several genes removed from the latter, and therefore the 
phaenotypic changes in these cases are not results of the loss or mutation 
of groups of sub-genes, as had formerly been hypothesized. The in- 
fluence of gene propinquities no doubt is exerted according to an orderly 
system, in which certain neighbor genes play more important réles than 
others in the production of given effects, so that their removal and the 
bringing near of other specific genes have definite effects on the characters 
in question. 

In general, the influence, although it reaches across a number of genes, 
extends perceptibly over only a small distance, fading out at larger dis- 
tances. We cannot, however, identify the range of the position effect 
with the node (chromomere or gene cluster), as an otherwise rather 
prophetic article of Brink®* would lead us to do. For Offermann and 
Muller, who have confirmed Dubinin and Sidoroff’s findings concerning 
the weakening of dominance of the normal allelomorph of “‘cubitus inter- 
ruptus’ in translocations involving the fourth chromosome, conclude, 
on the basis of their own work, and contrary to Dubinin’s conclusion, that 
the fourth chromosome itself is usually broken in these cases, and they 
find further that the effect sometimes extends also to the locus of eyeless. 
As it is very unlikely that the fourth chromosome should so often be broken 
in exactly the node of “‘cubitus interruptus’’ itself, or that eyeless should 
lie in the same node—especially since most nodes in this chromosome are 
of a size about corresponding with that above deduced for an individual 
gene—the conclusion follows that the position effect extends across a 
number of these small nodes. Hence the position effects are not blocked 
off into separate compartments, containing clusters of genes that are in 
this respect autonomous in relation to the other clusters, but, overlapping 
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from one cluster and from one region to another, they form in their entirety 
a continuum. 

Whether the effect of propinquity is a direct one, of one gene on the 
structure or activity of the other gene, or an indirect one, due to a higher 
degree of interaction between locally more concentrated products of gene 
activity than between more distantly produced and either more diluted 
or changed products, cannot yet be stated. However that may be, we 
see that the basis of genetic determination of the characters of an organism 
cannot be stated completely by a mere listing of the individual genes which 
the organism contains; the arrangement of these genes also counts, and 
probably no rearrangement is without some effect. In other words, this 
arrangement is itself, in effect, genic in nature, and the genetic material of 
any one chromosome is in this functional sense a continuum. 

Summary.—1. By a special genetic method, analysis has been made 
of a series of chromosome breaks in close proximity with one another. 
Selection of these breaks has been made by the aid of their position effects 
(see below). Analysis of the positions of each of the breaks with reference 
to each of the others has been made by obtaining recombinational indi- 
viduals, containing the part of the chromosome to the left of one break and 
the part to the right of the other break, and the complementary combina- 
tion, in the case of all possible combinations of two breaks. 

2. The results of the analysis show that the breaks thus studied are 
subject to recurrence in the same or nearly the same positions and that 
the distances apart of those in sensibly different positions are of the order 
of size of individual genes. 

3. Viable deficiencies of genes can thus be obtained, though most of 
the deficiencies are lethal. 

4. The number of genes in a given region is thus found to be limited, 
and can eventually be counted. Since the size of the region is cytologically 
determinable in relation to the total size of the chromatin, the total number 
of genes also may be estimated. A preliminary estimate by means of this 
method places the order of magnitude of the number of genes at a few 
(ca. 5-10) thousand. 

5. Differences of the order of size of individual genes are just dis- 
cernible cytologically (with visible light) in the chromosomes of the salivary 
glands. The genes studied are found to lie in the region of the staining 
material or nodes, which (accepting Koltzoff’s explanation of them) repre- 
sent chromomeres. A large chromomere, though not further resolvable by 
ordinary optical methods, is considerably larger than an individual gene, 
and contains a cluster of linearly arranged genes, between which cross- 
ing-over can occur. The small chromomeres, on the other hand, such 
as many of those in the fourth chromosome, are of approximately the size 
which the individual genes within the large chromomeres are found to be. 
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6. The genetic and cytological results were mutually consistent, and 
on the basis of them it was possible to make maps showing the positions 
of the genes, and breaks, within a portion of one large chromomere (band 
or node). 

7. A-section of the gene string which is sometimes so small as to com- 
prise only a part of one chromomere can become detached from the chro- 
matin on either side of it, and reattached in a different position. The 
genes thus have a far-reaching ability to maintain and reproduce them- 
selves independently of their arrangement (except in so far as their life 
and reproduction are dependent upon that of the organism as a whole, 
and this in turn is influenced by the position effect mentioned below). 

8. Where phaenotypic changes accompanying changes in the arrange- 
ment of genes are found to be very diverse (as in the case of the scute 
locus) our results show that an identical phaenotypic change accompanies 
an identical rearrangement, whereas different phaenotypic changes ac- 
company different rearrangements. This constitutes crucial evidence 
that, in general, the apparent “‘mutational’’ changes accompanying gene 
rearrangements are really due to localized influences which propinquitous 
genes, or gene products, exert on one another (position effect). The posi- 
tion effect fades out at greater distances, but can extend over several 
genes, and over more than one chromomere in some cases. In this 
sense the genetic material is a continuum. 

9. As some of these minute rearrangements must be practically in- 
distinguishable, genetically, from intragenic mutations, the problem of how 
many and what supposed gene mutations are really only rearrangements 
assumes greater urgency. 

* Genetics by Muller, cytology by Prokofyeva. 
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CRICETINE-LIKE RODENTS FROM THE SESPE EOCENE OF 
CALIFORNIA 


By ROBERT W. WILSON 


BALCH GRADUATE SCHOOL OF THE GEOLOGICAL SCIENCES, 
CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated November 30, 1934 


Introduction.—The Sespe deposits of southern California have yielded 
several cricetine-like rodent specimens. Rodent types other than those 
related to Paramys and its allies are rarely found in the Eocene of the 
North American continent. Hence, these specimens are not only of 
interest from the standpoint of adding new types to the Eocene fauna, 
but also in that they may eventually aid in the solution of the difficult 
and complex problem of rodent differentiation. 


Eumysops simplex, n. gen. and n. sp. 


Type Specimen.—Left ramus with M1-M3, No. 1759 Calif. Inst. Tech. 
Vert. Pale., figure 1. 

Referred Specimens.—Left ramus with M1-M2, No. 1760 Calif. Inst. 
Tech. Vert. Pale.; left ramus with M2-M3, No. 1778 C. I. T. Vert. Pale. 

Locality—Sespe Uppermost Eocene, north of Simi Valley, Ventura 
County, California; Locality 150 C. 1. T. Vert. Pale. 

Generic Characters—No antero-median cusp on M1. Heel of M3 not 
contracted posteriorly. Internal spur of hypostylid generally well de- 
veloped. Protolophid uniting protoconid and metaconid; never dis- 
connected from metaconid to form a pseudo-hypostylid spur as in posterior 
cheek-teeth of Eumys. Connection between hypostylid and protoconid 
weak, lacking in some specimens. No entoconid on M3. 

Specific Characters.—Metastylid somewhat less developed on M1 than 
in Eumysops vetus. Metastylid not present on M2. Connection between 
hypostylid and protoconid generally less well developed than in E. vetus, 
sometimes lacking. 

Description —No. 1778 is the only specimen of Eumysops which shows 
much of the ramus. The masseteric fossa terminates under the first 
molar. The masseter lateralis ridge is relatively strong, the masseter 
medialis ridge relatively weak. The latter characters are present in Eumys 
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but are reversed in Peromyscus. A striking feature in the ramus seems 

to be presented by the long posterior extension of the condylar portion. 
The trigonid in M1 of the genotype is composed of two subequal cusps, 

the protoconid and metaconid (see Figs. 1, 1a). These cusps are connected 

at their posterior borders by a crescentic loph, the protolophid. Running 

forward and inward from the protoconid is a short ridge apparently repre- 

senting the upward extension of a short anterior cingulum. This ridge is 

the only trace of an antero-median cusp in the first lower molar. In the 

referred specimen, No. 

1760, the ridge is absent 

but a short anterior cingu- 

lum is present. Running 

back from the metaconid 

is a depressed ridge which QS ptphd 

terminates in a_ small ive 

metastylid. A large hy- int 

postylid is situated be- hyd 

tween protoconid and hy- 

poconid. It does not con- 

nect anteriorly with the hyla 

protoconid in the geno- | 12 

type. Greater tendency ~~ 

toward such union may 

be discerned in No. 1760, 

but in neither case is the 

connection strong as in 


» metd 
prd 3 


ento 


hyphd 





PLATE 1 

Figure 1.—Eumysops simplex, n. gen. and sp. 
Eumys. , Internally the Genotype specimen, No. 1759; approximately X 12. 
hypostylid throws off a Figurela.— Diagrammatic figure of Eumysops molar, 
spur, here termed the in- greatly enlarged. nto, entoconid; hyd, hypoconid; 
ternal hypostylid spur, 9/d, hypoconulid ridge; hpyhd, hypolophid; hysd, 
which curves slightly for- hypostylid; int, internal spur of hypostylid; meid, 
metaconid; prd, protoconid; ptphd, protolophid. 
Calif. Inst. Tech. Vert. Pale. Coll. Sespe Upper- 
most Eocene, California. 


ward. A similar spur, but 
with less development, ex- 
tends forward and out- 
ward from the external side. In No. 1760 the hypostylid presents a tri- 
angular wearing surface with the internal spur apparently absent or 
obliterated; the external spur extends almost to the margin of the tooth, 
and a rather indistinct connection exists with the base of the protoconid. 
The hypostylid is united posteriorly with the hypoconid. Hypoconid 
and entoconid are connected by a hypolophid. A strong hypoconulid 
ridge curves backward and inward from the hypoconid to form the pos- 
terior margin of the tooth. 

M2 is the largest tooth of the cheek-tooth series. This tooth is quite 
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similar to M1 in general plan except that it is larger; the principal anterior 
cusps are set farther apart; there is no trace of a metastylid; the hypo- 
stylid is more of a loph than a cusp with much greater development of the 
spurs, especially the internal one; and the anterior cusps are united by 
means of a small anterior ridge in addition to the posterior connection. 
This ridge in the type is formed chiefly by what appears to be a small 
cusp. In the referred specimen, No. 1760, only an enamel ridge is evident. 
No anterior connection apparently exists in No. 1778. The ridge in this 
specimen unites with the cingulum. No. 1760 differs somewhat from the 
type in character of the hypostylid. In the former specimen the hypo- 
stylid retains a more cusp-like shape. A slight indication of a metastylid 
is evident in No. 1778. The hypostylid is cusp-like, and the internal spur 
is hardly more developed than in M1 of No. 1759. 

M3 narrows gradually toward the posterior end. The protoconid and 
metaconid are connected by the protolophid. A small ridge runs from 
the protoconid to join the anterior cingulum and forms a weak connection 
internally with the metaconid. The talonid consists of a hypoconid with 
strong posterior ridge curving around the border of the tooth and extending 
well forward on the inner side. An entoconid is absent. The hypostylid 
is well developed with spurs extending inward and outward. The external 
spur shows a weak connection with the protoconid. Details of this tooth 
are somewhat obscured by wear. In No. 1778, no anterior connection of 
protoconid and metaconid can be discerned unless this is established by 
the cingulum. The hypostylid-protoconid connection is somewhat stronger 
than in the type. 


Eumysops vetus, n. sp. 


Type Specimen.—Right ramus with M1-M3, No. 1761 Calif. Inst. Tech. 
Vert. Pale. 

Referred Specimen.—Badly damaged left ramus with M1-M3, No. 1762 
Calif. Inst. Tech. Vert. Pale. 

Locality —Sespe Upper Eocene, north of Simi Valley, Ventura County, 
California; Locality 207 C. I. T. Vert. Pale. 

Specific Characters.—Metastylid a distinct cusp in M1 and M2. Hypo- 
stylid and protoconid weakly united. 

Description.—This species is close to Eumysops simplex. The meta- 
stylid of E. vetus is a distinct cusp in M1 and M2. The internal spur of 
the hypostylid joins the metastylid in M2, sometimes in M1. The hypo- 
stylid unites with the protoconid on the external side of the latter cusp 
in M1 and M2, more toward the median line in M3. However, the strong 
median connection present in M2 and M3 of Eumys is lacking. The 
connection of hypostylid to hypoconid is less well developed in E. vetus 
than in E. simplex. This is most marked in M1. In No. 1761 the hypo- 
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stylid in M2 and M is quite loph-like. The characters of the hypostylid 
may be due in part to wear or preservation of the specimen. 


Eumysops cf. vetus Wilson 


Specimen.—A small fragment of left ramus with M1, No. 1763 Calif. 
Inst. Tech. Vert. Pale. 

Locality—Sespe Upper Eocene, north of Simi Valley, Ventura County, 
California; Locality 202 C. I. T. Vert. Pale. 

Description.—It is doubtful to which species of Eumysops the 202 speci- 
men should be allocated. In character of metastylid specimen 1763 
appears to be intermediate between E. simplex and E. vetus. In degree 
of hypostylid-hypoconid union No. 1763 most closely resembles No. 1760. 
On the basis of stratigraphic position, No. 1763 should be closer to E. vetus. 

Comparisons and Relationships.—Eumysops shows a number of characters 
which serve to distinguish it from the White River genus Eumys. The 
most striking difference is the absence of an antero-median cusp on the 
first lower molar. In Eumys this cusp is well developed and not much 
less prominent and robust than the principal cusps. Eumysops never has 
more than faint indication of this cusp. M1 of the Sespe genus is further 
distinguished by presence of a metastylid and by a somewhat more external 
position of the hypostylid. The internal hypostylid spur of M2 is 
generally much better developed in Eumysops. There is no tendency 
toward disconnection of protolophid and metaconid with formation of a 
pseudo-hypostylid spur as is the case in at least the posterior molars of 
Eumys. The hypostylid is only weakly, if at all, connected with the 
protoconid. In Eumys a fairly strong median connection exists between 
these two cusps. Lastly, in M1 and M2 of the Sespe genus no connection 
exists between hypostylid and hypolophid. In Eumys the loph uniting 
the posterior cusps forms a more anterior connection between hypoconid 
and entoconid than in our genus, and unites with the posterior part of 
the hypostylid. Schaub! apparently believes that the hypolophid (‘‘hypo- 
conidhinterarm’”’) of Eumys has become disconnected, has disappeared, 
and that a new anterior connection (‘‘nachjochkante”’) has arisen. If 
the hypolophid of Eumysops is really the ‘‘hypoconidhinterarm,” a pro- 
found difference exists between Eumys and the Sespe genus in the origin 
of the loph uniting the posterior cusps in M1 and M2. As stated pre- 
viously, M3 of Eumysops narrows gradually toward the posterior end and 
the posterior half is not contracted asin Eumys. The protolophid in M3 of 
Eumysops is similar to that of M 2 and thus differs from the corresponding 
tooth of Eumys, which shows perhaps an even greater tendency to form 
a pseudo-hypostylid spur than in M2. The hypostylid in M3 of the 
Sespe genus is rather weakly united to the protoconid by the external 
hypostylid spur. However, the union of the two cusps in No. 1778 is 
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somewhat stronger than in the genotype. In Eumys the median connec- 
tion of the hypostylid with protoconid is strong. The cheek-teeth in 
Eumysops are lower crowned than in the White River genus. 

It is beyond the scope of this paper to make extensive comparisons 
with European cricetids. However, comparisons made with these forms 
by means of Schaub’s beautifully illustrated monograph? show that 
Eumysops is quite distinct and, applying Schaub’s views on the cricetine 
molar, more primitive in several respects. The stratigraphic position of 
Eumysops would tend to confirm the latter statement. Paracricetodon 
and Cricetodon are European cricetids which may be compared to Eumysops. 
In none of the types illustrated by Schaub is the protolophid strongly 
united with the metaconid in all three molars as in Eumysops. The 
nearest approach to this condition in the European forms is found in 
Paracricetodon cadurcense and spectabile.* However, in M3 of these 
forms the protolophid is somewhat detached from the metaconid, at least 
in certain individuals. The antero-median cusp of M1 is generally well 
developed in the European cricetids but in several species such as P. 
spectabile and P. cadurcense, it is variably developed and some specimens 
apparently show virtually the same condition as in our form. 

A major difference between Eumysops and European cricetids may lie 
in the development of the hypolophid. This crest in the Sespe genus is 
posterior in position as compared to a similar ridge seen in cricetids from 
later horizons. If this loph represents the “hypoconidhinterarm,” it is 
much better developed than in any other known cricetid, and Eumysops 
would not possess a “‘nachjochkante’’ in the sense of Schaub at all. There 
is no other spur or loph which might be interpreted as a ‘‘hypoconid- 
hinterarm.’’ In addition to the characters mentioned above, Paracrice- 
todon has generally no open valley between metaconid and entoconid, 
but a ridge formed by the antero-posterior extension of the two internal 
cusps bounds the internal margin of the tooth. In Eumysops, a sharp 
valley is present between metaconid and entoconid. Lastly, M3 of 
Eumysops is not noticeably elongate as in Paracricetodon and does not 
bear an entoconid as in the latter genus or, indeed, as in most species of 
Cricetodon. Presumably in this character Eumysops is more advanced 
than the early European cricetids. Presence in M2 of most specimens of 
Eumysops of a minor connection between protoconid and metaconid, 
which is anterior to the protolophid, is apparently also an advance beyond 
at least one European type. P. cadurcense. The latter species shows only 
a very weak connection, but in most European cricetids the ridge is 
as strong as or stronger than in our form. Of the’ many species of Criceto- 
don from the Quercy, C. gergovianum seems superficially to resemble 
Eumysops most closely. However, Schaub states that this species is not 
a primitive type. It is to be distinguished by (1) presence of an antero- 
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median cusp in M1; (2) protolophid not united with metaconid in M2 
and M8; (3) a well developed union of hypostylid with protoconid in 
M2 and M3; and (4) no trace of hypolophid. On the other hand, it is 
the only Quercy species which lacks an entoconid. 

According to Schaub‘ the oldest cricetid recognized previously is Crice- 
todon schaubiu’ from the Sannoisian of China. This form is based on 
two isolated lower cheek-teeth, M2 and M3, of which the former is the 
type. The type is distinguished from ours by its short internal hypo- 
stylid spur, and somewhat free protolophid. M3 has a well developed 
entoconid. 

Only two genera of rodents in the Eocene of North America, other than 
the present one, cannot be referred to the Ischyromide of Matthew. 
Protoptychus Scott’ is quite evidently not related to the present genus. 
Pareumys Peterson® was referred to the Muride by Peterson, who appar- 
ently considered it to be related to Eumys. I do not think the genus is 
murine, and it is quite possibly an ancestor to Cylindrodon. It is clearly 
not related to Eumysops. 

The phylogenetic position of Eumysops is uncertain. Remains of the 
genus are limited to fragmentary lower jaws, and in absence of any knowl- 
edge of the zygomasseteric region of the skull a discussion of the position 
of the Sespe genus is obviously limited to structural details of tooth pattern 
which, as far as the present state of our knowledge goes, may or may 
not be significant from a phylogenetic standpoint. um~ysops possesses 
several characters that may be regarded as very primitive and that serve 
to indicate the genus to be one of the most primitive of cricetine-like 
forms. However, absence of an entoconid in M3 marks an advance for 
Eumysops beyond Paracricetodon and most early species of Cricetodon. 
Eumysops may be ancestral to Eumys. As a matter of fact, the Sespe 
genus is closer to Paracricetodon and Cricetodon in many characters, but 
this may be due to a rather rapid advance made by Eumys along certain 
specialized lines. The absence of an entoconid in M3 seems to preclude 
ancestry to European genera. 

Nothing has been said thus far concerning possible relationships of 
the Sespe genus to rodents other than cricetine types. These should not 
be overlooked in view of the primitive character of Eumysops. Certain 
European Oligocene representatives of the Sicistine are peculiarly close 
in molar structure to the Cricetine. This similarity in the two groups is 
most troublesome in dealing with the lower dentition. As a matter of fact, 
a number of specimens of fossil rodents were first referred to the Cricetide, 
apparently incorrectly, and more recently transferred to the Sicistinz.° 
Eumysops shows some characters which may be characteristic of the 
Oligocene Sicistine. Two of most importance are: (1) great develop- 
ment of the internal hypostylid spur to reach the internal border of the 











32 GEOLOGY: W. BOWIE Proc. N. A. S. 


tooth in M2; and (2) obliquely place hypostylid ridge when such a ridge 
exists as in No. 1761 from locality 207. It should be mentioned, however, 
that in No. 1778 the internal hypostylid spur is rather short, and the weak 
connection between protoconid and hypostylid is more or less antero- 
posterior. 

Representatives of the Sicistine are at present limited in their distribu- 
tion to Eurasia. No definite fossil record of this group has yet been 
recorded on this continent, although both Protoptychus and Paciculus 
have been referred to the Dipodoidea. The Recent Zapus of North 
America and an undescribed zapodid from the Pliocene of Nevada in 
the California Institute collections further indicate that the Zapodide 
may have been present in North America throughout most of Tertiary 
time. On the other hand, the Cricetide are definitely known from Oligo- 
cene to Recent in North America. In absence of any conclusive evidence 
to the contrary, it is perhaps best to place Eumysops in the Cricetide. 

1 Schaub, S., Abh. schweiz. palaeontol. Ges., 45, 6, 83, 99-100, Fig. 1 (1925). 

2 Schaub, S., Jbid., 1-110, pls. I-V (1925). 

3 Schaub, S., [bid., 54-58, 60-61, pl. II, Figs. 12, 14 (1925). 

4 Although the “hypoconidhinterarm” has disappeared in Eumys, it is still present 
in a number of early European cricetids. It is usually represented by a spur extending 
inward from the hypoconid. Its greatest development in European forms is in Para- 
cricetodon cadurcense in which it reaches the base of the entoconid. 

5 Schaub, S., Ecloge geol. Helvetie, 23, 631 (1930). 
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FUNDAMENTAL GEODETIC SURVEYS IN THE UNITED 
STATES NEARING COMPLETION 


By WILLIAM BowleE 
Division oF Greopgsy, U. S. Coast AND GEODETIC SURVEY 


Read before the Academy, Monday, November 19, 1934 


Geodetic surveys have been carried on in the United States by the 
United States Coast and Geodetic Survey, the several branches of the 
Corps of Engineers of the United States Army, the United States Geological 
Survey and a few private organizations for many years, but it is only 
during the past few decades that these surveys have been extended rapidly. 
The greater part of these surveys have been made by the Coast and 
Geodetic Survey, which was organized in 1807 and started field operations 
in 1816. 
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The plan now being used by the Coast and Geodetic Survey in its 
fundamental triangulation and leveling calls for the spacing of arcs of 
triangulation and lines of levels at intervals of about twenty-five miles 
over the entire area of the country. These fundamental geodetic surveys 
consist of first-order arcs of triangulation and lines of levels spaced at 
intervals of approximately one hundred miles with the second-order 
triangulation and leveling for the intermediate areas. The leveling net 
will be almost completed by March 1, 1935. There will only remain, 
after that date, a few thousand miles in the northern states, which will 
be finished next spring. The triangulation net now has 55,000 miles of 
arcs and there remain to be completed only 61,400 miles. Nearly all of 
the first-order triangulation has been done. What remains is largely 
of the second order. 

The progress in carrying on these classes of geodetic surveys is indicated 
in the following table: 


TRIANGULATION LEVELING 
1900 7,000 miles 1898 12,000 miles 
1912 12,000 ‘ 
1920 17,000“ 1912 30,000 ‘“ 
1927 25,000 “‘ 
1929 56,000 “ 
1930 28,000 ‘ 1932 73,000 “‘ 
1934 (Nov. 15) 55,000: . ‘ 1934 (Nov. 15) 172,000 “ 


It will be seen from the above table that during the past few years the 
progress in the geodetic surveys was very much more rapid than for former 
years. Larger amounts of money have been made available because of 
the greater appreciation of the value of these geodetic surveys by engineers 
and scientific men. The triangulation and leveling form the framework 
on which topographic maps are based. They furnish data for many other 
classes of engineering work. The scientific phases of triangulation and 
leveling are numerous. 

It will be recalled that the Eastern Oblique and the Transcontinental 
Arcs were used by Charles A. Schott of the Coast and Geodetic Survey 
in determining the figure of the earth. Later John F. Hayford of this 
agency used more extensive triangulation and connected astronomic data 
in determining the shape and size of the earth and in making the first 
comprehensive quantitative tests of isostasy. Hayford’s dimensions of 
the earth were adopted as the international values by the International 
Geodetic Association. Hayford also constructed the geoid contours 
from deflections of the vertical, which are the differences in latitude and 
longitude determined astronomically and by geodetic methods. These 
geoid contours show the deviations of the sea level surface from the 
spheroid. Since Hayford’s time, the geodetic surveys, including gravity 
determinations, have been-used in making further tests of isostasy. 
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The triangulation and leveling are also used in determining the extent 
to which the earth’s surface has moved horizontally and vertically during 
earthquakes. A long arc of first-order triangulation which had been 
surveyed in California prior to the 1906 earthquake was repeated after 
that date in order to determine the changes in geographic positions of the 
triangulation stations involved. The results were considered of such 
importance that authority was obtained from Congress to devote each 
year part of the funds appropriated for geodetic work to geodetic surveys 
in regions of seismic activity. All of the work done under this authority 
has been planned by the Committee on Seismology of the Carnegie Institute 
of Washington and officials of the Coast and Geodetic Survey. 

At the present rate of progress in triangulation, the fundamental net 
with the twenty-five mile spacing of the arcs will be completed within 
three or four years. When this has been accomplished, we shall have the 
leveling and triangulation nets for making studies of any region where 
an earthquake may occur. It is probable that no large earthquakes in 
this country will fail to disturb some of the geodetic stations. By repeating 
the geodetic surveys the extent of horizontal and vertical movements of 
the stations can be determined. There can also be learned the area within 
which distortion of the earth’s surface has occurred. There is a difference 
of opinion on the question of whether an earthquake is caused by regional 
or local forces. The comparison of the results of the geodetic survey 
made before and after an earthquake will help to answer this question. 

In 1924 a method for adjusting a large network of arcs of triangulation 
was devised in the office of the Coast and Geodetic Survey and immediately 
thereafter, a readjustment of the triangulation net of this country, as it 
existed at that time, was begun. This adjustment was completed in 
1932. In 1929 an adjustment of the combined leveling nets of the United 
States and Canada, involving 65,000 miles of first-order leveling, was 
completed. 

It was fortunate that these adjustments were made before the recent 
expansion of the program for geodetic surveys. It has been possible to 
hold the adjusted arcs of triangulation and fit the new arcs to them. For 
the leveling net, only a few of the adjusted lines have been disturbed as new 
lines were added to the net. Occasionally it was found to be desirable 
to distribute a part of the closing errors of the loops into some of the old 
lines. Except for some special scientific studies, the triangulation and 
level nets will not require extensive further adjustment. Their positions 
and elevations are considered fixed or standard. 

The adjustment of the leveling net disclosed the fact that mean sea level 
as determined by tidal observations along the coasts is not an equipotential 
surface. The deviation of the mean sea Jevel surface from an equipoten- 
tial surface is shown in the following table: 
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ELEVATIONS ABOVE OR BELOW GALVESTON, TEXAS, OF MEAN SEA LEVEL DETER- 
MINED BY THE 1929 SPECIAL ADJUSTMENT OF THE LEVELING NETS 
OF THE UNITED STATES AND CANADA 


Gulf Coast m. 
mn So ke waco ha ea a wie Wetec 0.00 
PU OO a oe ee ae —0.09 
ND ie 6 Ss kg co ge oie ON FE Bee siren —0.05 
te Hees POU sick 5 6c aera ew aca kigees eis wehbe —0.08 
Atlantic Coast 

Pon I PION oA sss. a does cea ccc dao bv cet’ —0.27 
ie nS MINN 520 66 2.) Sg ens Rd Oe Ma aha eae —0.20 
MII 5556 oo5 os OR oe Rd sihelaa’s GRIESE ae —0.16 
DU TMM ier asks eaisis 2.4 Vie Raia WED Ora E eG —0.14 
Old Pout Conlort, Virwitiia. 0... icc ccc easmes —0.28 
as Ra DT FC ais os sce os oi isi Se wind o daemon +0.02 
Bitiaetae City, TI CLR Y oo. oos 5 is cicessoisic cw capcedecs +0.03 
PRM EMIT 55s. 65 ged acvin Wb Read saws ene ees —0.17 
Pe ITE ooo 06 oso isc e hiy odie ree Vo e'das v winlee —0.18 
Perth Amboy, New Jersey: . 2.62. .0.00. 000000055523 ONO! 
POre Sint, FOO YOO os oii ics avccscuevciee bese +0.03 
anes III os 08, vans Gace'c cae os ee ee he +0.07 
PC NG re ie call a aw ar eek +0.12 
Tm I os ae ise +0.05 
PRN ROU CRO OIIN S55 55.4 shel Ke ok ead w cele wou eres +0.08 
Bgteer POM COBO. o.oo. 5 5s 0 5ws.db a face kendo e wes +0.20 
Pacific Coast 

eee I, SB SS ccs oc 8 Vas cae wea ees +0.33 
ry I is is he i hs 6G ee +0.31 
Sa PRN ONG So os 5655-0 6a 2 o0\ cere wd eecaions +0.34 
OI rE sc oo! wn. bcm c.bshiainia.o Gace +0. 59 
POOR, WRBEASIOR Soin ssicc esas ee cesecetesewes +0.45 
MEIER WEEN gros oe akb ie cvs ba dees cbeeans +0.48 
Vancouver, British Columibiay «...... 6 6c coe cee ceeee +0.50 
Prince Rupert, British Columbia..............0000¢ +0.58 


While some of the above values are due to the unavoidable accidental 
errors of the leveling, yet they are real deviations and their amounts as 
indicated in the table are not far from the truth. The level net is so 
strong as to make it certain that mean sea level is not an equipotential 
surface. It will be noted that mean sea level increases in height above 
the equipotential surface with increase in latitude; that mean sea level 
along the Gulf Coast is higher than along the east coast of Florida; and 
that on the Pacific Coast mean sea level is considerably higher than along 
the Gulf and Atlantic Coasts. In other countries it had been noticed 
that accurate lines of levels joining tidal stations that are widely sepa- 
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rated indicated that mean sea level may deviate from a level surface, but 
the adjustment of the leveling nets of the United States and Canada fur- 
nished the first comprehensive tests of this phenomenon. 

The agencies of the governments of Canada and Mexico carrying on 
geodetic surveying have unified their triangulation systems with that of 
the United States. We therefore have a single triangulation net for the 
North American continent. This condition does not obtain for any other 
continent of the world. 

While the combined level nets of Canada and the United States were 
used in what is known as the 1929 general adjustment, the Canadian 
Geodetic Survey has not yet adopted the elevations resulting from that 
adjustment. This was because just prior to the 1929 adjustment the 
Canadians had made an adjustment of their own and published the 
results, so that it was not felt desirable to supersede the published values 
until the Canadian net had been expanded further. In any event the 
differences between the elevations on the final systems of bench marks 
near the boundary between the United States and Canada are known and 
in consequence one can work from one country to the other on engineering 
or scientific projects without undue confusion. 

In carrying on the geodetic surveys, the officials of the Coast and Geo- 
detic Survey have had the advantage of contacts with the geodesists of 
other countries through the International Geodetic Association. By 
personal conferences and exchange of letters and publications each country 
adhering to that Association has had the advantage of the experience of 
the geodesists of all the other countries. New instruments and methods 
that are improvements over old ones soon become known. 

In these times when scientific work along certain lines is being greatly 
hampered by lack of funds, it is noteworthy that the federal government 
has supported geodetic surveys in a very large way. 


TIME MEASUREMENTS OF AN ICE READVANCE AT 
LITTLETON, N. H. 


By RICHARD J. LOUGEE 
DEPARTMENT OF GEOLOGY, CoLuMBIA UNIVERSITY 


Read before the Academy, Tuesday, April 24, 1934 


On the northwest side of the White Mountains in the vicinity of Littleton 
and Bethlehem, N. H., there are disconnected kame and morainal deposits 
aligned from east to west which represent a readvance of the last ice sheet. 
A map and description of these was published by Goldthwait in 1916,! 
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and supplementary information was furnished by Crosby in 1934,? but 
no evidence has yet been found by which the Littleton oscillation can be 
correlated with the moraines of the Middle West. 

During the investigation of the varved clays in the glacial lake beds 
of the Connecticut Valley in 1921 Dr. Ernst Antevs measured several 
clay sections near Littleton in which he discovered independent evidence 
indicating a readvance of the ice.* This evidence was derived from three 
clay sections which lie at the northern limits of a zone of very rapid ice 
retreat (Fig. 1). One section, known as locality 91, is in the Passumpsic 
River Valley three miles north of the junction with the Connecticut River 
Valley at Inwood, and although the lowest part of the clay is not observable 
for measurement the locality was uncovered not later than year 7060 of 
the Connecticut Valley varved clay chronology and probably about year 
7050 or only some 25 years 
later than a section at In- 
wood, locality 86, where 
the lowest varve is approxi- 
mately 7025. The third 
critical section, locality 85, 
is in the Connecticut Valley 
three miles south of locality 
91 and */, mile east of the 
Inwood section. It has been 
obscured by the construction 
work on the Lower Dam at 
Fifteen Mile Falls, but ac- 
cording to Antevs’ descrip- 
tion of the place which he 
visited six years before work 
on the dam was begun it was in a river terrace about 300 yards west of 
the northern or Vermont end of the dam. The layers were absolutely 
undisturbed and the lowest varve was exposed lying on till and was 7306. 
This indicated the uncovering had occurred about 256 years later than 
that of locality 91, and about 280 years later than the uncovering of the 
near-by section at Inwood. Antevs concluded that the ice had readvanced 
in the Connecticut Valley nearly to its junction with the Passumpsic, and 
he tentatively correlated this oscillation with the moraines at Littleton 
and Bethlehem. , 

During the work of construction on the Lower Dam at Fifteen Mile 
Falls which extended from 1927 to 1932, Mr. I. B. Crosby, geologist for 
the New England Power Association, discovered that the glacial drift 
overlying the bed rock in the vicinity of the dam consisted of two till 
sheets of the Last Glaciation separated by a bed of sand and with the 




















FIGURE 1 


Locations of varved clay sections furnishing records 
of ice readvance. 
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upper till overlaid by varved clays and sandy lake beds.‘ The thick- 
nesses of these deposits were 15-100 feet for the lower till, 0-34 feet 
for the sand bed between the tills, 0-70 feet for the upper till and about 
40 feet for the superficial lacustrine beds. The upper till differed from 
the lower in being much sandier and freer from stones, a fact which sug- 
gested that much of its material had been derived from a reworking of the 
underlying sand bed when the ice readvanced. This sand bed varied in 
texture from fine silt to gravel, and its stratigraphic position lower than 
the upper lake beds made it appear likely to be outwash spread on the 
floor of the Connecticut Valley lake during the interval between the first 








FIGURE 2 


Exposure of varved clays between the two till sheets at the Lower Dam. 


uncovering of the locality and the readvance of the ice. Searches were 
made for varved clay in association with the sand bed as it was hoped 
that the duration of the interval which the sand represented might be 
measured, but no clay at this horizon was found. However, the fine 
sections that were revealed by the steam shovels gave opportunities for 
Professor Goldthwait and the writer to measure several varved clay 
exposures on both sides of the valley in the vicinity of the dam all of which 
were found to lie above the upper till sheet and to be equivalents of the 
section measured by Antevs at locality 85 with approximately varve 7306 
at the bottom. 

In the summer of 1933 after construction of the dam had been completed 
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the writer inspected the ground on the Vermont side of the valley and 
noted a newly exposed section of about six feet of varved clay at the lower 
end of the concrete wall bordering the spillway channel of the dam. Al- 
though most of the overburden had been removed there was a foot or two 
of material resembling till lying on the disturbed upper limits of the clay, 
and the varves rested on 15 feet of stony till which in turn rested on bed 
rock. This relationship suggested that the clay might be an equivalent 
of the sand bed between the upper and lower till sheets, and prompted the 
writer to measure it. The varves were locally wrinkled and variable in 
thickness as if due to overriding, but the true thicknesses of nearly all the 
varves were at one place or another preserved and were measurable (Fig. 2). 
A total of 119 varves could be counted but only the lowermost 52 were 
measured due to lack of time. These are shown in Fig. 3 graphed with 


67 more 
varyes 
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FIGURE 3 


Graph of varves between the two till sheets compared with Antevs’ normal 
curve. 


the corresponding section of Antevs’ normal curve. There are occasional 
discrepancies in the two curves perhaps due to the wrinkled character of 
the clay at the dam, while the lowest ten varves also show abnormal 
thicknesses due to proximity to the ice. Nevertheless there is a general 
correspondence of the principal characters and precise correspondence of 
an individual varve and a group of sixteen consisting of a peculiar white 
silt which were similarly noted by Antevs in sections outside the zone of 
readvance. Furthermore the curve corresponds even better with varves 
at East Ryegate, eight miles south of the dam, so that the correlation 
as shown in the graph is considered by Antevs as probably correct. This 
would make the lowest varve in the section 7036 or approximately 11 years 
younger than the lowest varve at Inwood, and 270 years older than 
the lowest varve on the upper till at the dam. It is thus highly probable 











40 GEOLOGY: R. J. LOUGEE Proc. N. A. S. 


that the section belongs in a stratigraphic position between the two till 
sheets and is a correlative of the sand bed at that horizon. These ob- 
servations furthermore corroborate the time measurements of the supposed 




































































FIGURE 4 


Generalized sequence of late-Glacial events at the Lower Dam: 
1. Retreating ice leaving the lower till and giving place to 
a lake. 


2. Annual deposition of clay layers (varves) on the lower 
till, each varve beginning at the ice border for that year. 

3. Readvancing ice depositing the upper till on the over- 
ridden lake beds. 


4. Continued retreat and deposition of varves on the upper 
till. 


readvance which was predicted by Antevs several years before the two 
till sheets were known. 

The events connected with the ice readvance near the Lower Dam are 
illustrated in figure 4 and may be summarized as follows: During a period 
of rapid retrest the ice uncovered Inwood, 11 years later the Lower Dam 
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and 14 years later locality 91 in the Passumpsic Valley. A glacial lake 
took the place of the ice in these localities, and sands and varved clays 
were spread on the till. For at least 119 years the lake occupied the site 
of the Lower Dam and then was replaced by readvancing ice which spread 
a second till sheet over the lake beds at the dam but failed to advance to 
locality 91 or to Inwood. The upper till at the dam represents a period 
of not more than 151 years during which the ice covered the locality. 
About 280 years after the uncovering of Inwood and 270 years after the 
first uncovering of the dam the ice withdrew permanently from the dam 
and lacustrine conditions were resumed. 

So far as the writer is aware the time measurements of the oscillation 
at Littleton are unique in North American glacial history. 


1 Goldthwait, J. W., Bull. Geol. Soc. Amer., 27, 263-94 (1916). 

2 Crosby, I. B., Jour. Geol., 42, 411-21 (1934). 

3 Antevs, E., Amer. Geog. Soc. Research Ser., 11, 83-84 (1922); Ibid., 17, 119-20 (1928). 
4 Crosby, I. B., op. cit.; Civ. Eng., 4, 21-24 (1934). 

5 Lougee, R. J., Science, 79, 462 (1934). 

6 Antevs, personal communication, Sept. 6, 1933. 
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GROUPS INVOLVING A SET OF AS MANY CONJUGATES AS 
COMMUTATORS 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated November 16, 1934 


It is obvious that a complete set of conjugate operators of a given group 
G cannot contain more distinct elements than the order h of its commutator 
subgroup H. When G involves operators which are commutative with 
every operator of H but not with every operator of G then these operators 
transform the operators of G which are found in co-sets with respect to 
H according to regular substitutions of degree h. The number of con- 
jugates obtained in this way is therefore always a divisor of h and the cor- 
responding commutators are contained in the central of H. In particular, 
when # is in the central of G the number of the operators in every set of 
its conjugates is a divisor of h. This is a special case of the following 
theorem: The number of operators in a complete set of conjugate elements of 
a group is a divisor of the order of its smallest subgroup involving its com- 
mutator subgroup and operators which tranform the operators of its com- 
mutator subgroup into all their conjugates under the group. 

The main object of the present article is the study of groups which 
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separately involve at least one set of conjugate operators whose number is 
equal to h. When G contains an operator s which is not commutative 
with any operator of H besides the identity then s has exactly h conjugates 
under G. It remains to consider the cases in which G involves an operator 
s which is commutative with more than one operator of H but has h con- 
jugates under G. We shall first prove that when H is any given cyclic 
group then it is always possible to find in G an operator s which has h 
conjugates under G. Without loss of generality it may be assumed that 
G contains then an operator ¢ which transforms s into itself multiplied by 
a generator of H. 

When h = p”, p being an odd prime number, it results from the theory 
of isomorphisms and primitive roots! that s has h conjugates under the 
powers of ¢ since ¢ may then be supposed to be commutative with at least 
p of the operators of H. This is also the case when p = 2 and ¢ is com- 
mutative with at least four operators of H. If in this case ¢ is commutative 
with only two operators of H then s has the same property and we may re- 
place ¢ by st and proceed as before. It has therefore been proved that the 
G thus constructed contains a set of h conjugate operators under G when- 
ever / is a power of a prime number. When / is not a power of a prime 
number then H is the direct product of groups whose separate orders are 
such powers. When s is not commutative with an operator of prime order 
of such a factor then the number of its conjugates under G is divisible by 
the order of this factor. When s is commutative with such an operator 
the remarks made above apply also to this case. Hence there results the 
following theorem: A group whose commutator subgroup is cyclic always 
contains at least one set of conjugate operators such that the number of distinct 
operators in the set is equal to the order of this subgroup. 

It remains to consider the case when His non-cyclic. If all the operators 
of H besides the identity are conjugate under G then G involves an operator 
which is not commutative with any operator of H besides the identity 
since a transitive group of degree m involves at least n—1 substitutions of 
degree m. It therefore results that when G does not involve a set of h 
conjugates then either an operator of H besides the identity is invariant 
under G or the operators of H besides the identity are transformed ac- 
cording to an intransitive group which contains no substitution involving 
all of the letters of the group. In particular, when H is the four group and 
G does not involve a set of four conjugate operators then at least one 
operator of H besides the identity is invariant under G. Hence such a G 
cannot involve a set of three conjugate operators and each of its non- 
invariant operators has exactly two conjugates. This is impossible since 
the commutator subgroup of G is supposed to be of order 4. That is 
every group whose commutator subgroup is of order 4 contains a set of four 
conjugate operators. 
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Suppose that H is of order p’, » being an odd prime number, and of 
type (1, 1). When H is in the central of G it results just as in the pre- 
ceding case that G involves at least one set of p? conjugate operators. 
Hence we may suppose that not all the operators of H are invariant under 
G when G involves no set of p? conjugate operators, as will be assumed in 
what follows. Some of the properties of the group of isomorphisms of H 
can be conveniently determined by considering the subgroup composed 
of all the substitutions which omit one letter in the holomorph of H. This 
subgroup is known to be simply isomorphic with the group of isomorphisms 
of H. Each of its substitutions besides the identity is either of degree 
p?—1 or of degree p*—> since a substitution which omits one letter omits 
exactly p letters. The substitutions which omit the same # letters con- 
stitute a regular group which is simply isomorphic with the holomorph 
of the group of order » There are +1 such regular subgroups in this 
group of isomorphisms and no two have any common operator besides 
the identity. 

From the preceding paragraph it results that the operators of H are 
transformed under G according to an abelian subgroup of the holomorph 
of the group of order p. Hence these operators must be transformed either 
according to a group of order p or according to a group contained in the 
cyclic group of order p—1. In particular, a subgroup of order p in H is 
invariant under G. If the operators of H are transformed according to a 
group of order p under G then G contains an invariant subgroup of order 
bp” under which H is thus transformed and whose commutator subgroup 
is of order p. It also contains an operator whose order is a power of p 
which gives rise to a commutator which with the preceding commutator 
subgroup generates H and which is commutative with all the operators 
of H. It therefore results that G involves an operator whose order is a 
power of p and which has more than p conjugates under a group whose 
order is a power of ». This operator has p? conjugates under G. 

When the operators of H are transformed under G according to a cyclic 
group whose order divides p—1 then G contains an invariant subgroup in- 
volving H but whose order is not divisible by p*. It also contains the 
direct product of this subgroup and a group whose order is a power of p 
since this subgroup cannot give rise under G to an invariant commutator 
of order p contained in H. This direct product can be so selected that an 
additional operator of G whose order is a power of / gives rise under it to 
a commutator of order p which is invariant under G. Hence G contains 
a set of p? conjugate operators composed of operators which are the direct 
products of operators whose orders are prime to p and operators whose 
orders are powers of p. This completes a proof of the following theorem: 
If the commutator subgroup of a group is of order p*, p being a prime number, 
then the group contains at least one set of p? conjugate operators. 
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We proceed to prove that H can never be a dihedral group except when 
it is the four group and that it cannot be dicyclic unless it is the quaternion 
group. This proof results directly from the fact that in all the cases except 
the two excluded ones H involves a characteristic cyclic subgroup all of 
whose operators are transformed into their inverses under H. If such an 
H would be the commutator subgroup of G there would be an operator in 
G which would transform another such operator into itself multiplied by 
an operator which transforms every operator of the given characteristic 
cyclic subgroup into its inverse. This is impossible since this product 
would not transform the operators of this cyclic subgroup in the same way 
as the former factor transforms it. The fact that the quaternion group 
can be a commutator subgroup results directly from the single group 
of order 24 which involves no subgroup of index 2. 

Suppose that H is a complete group and hence G is the direct product of 
H and of G/H. Since the latter group is abelian it is the central of G. More- 
over, H must be perfect since its commutator subgroup is also the com- 
mutator subgroup of G. That is, whenever the commutator subgroup of a 
group G is a complete group then G cannot contain a set of conjugate op- 
erators such that the number of these conjugates is equal to the order of 
H. Hence the following theorem: If the commutator subgroup of a group 
1s a complete group then it is also a perfect group and the group is the direct 
product of its central and its commutator subgroup. In particular, the group 
then contains no set of conjugate operators whose number is equal to the 
order of its commutator subgroup. This is also true of the group of order 
24 noted at the close of the preceding paragraph. In particular, it re- 
sults that if a group involves no set of conjugate operators whose num- 
ber is equal to the order of its commutator subgroup then this order is at 
least 8. 

When H is in the central of G and its rank is at most two, there must be 
an operator ¢ in G which transforms another operator s of G into itself 
multiplied by one of two independent generators of H. If ¢ transforms 
another operator of H into itself multiplied by a second independent 
generator of H then ¢ has h conjugates under G. If this is not the case 
there is another operator ¢, which with an operator s; gives rise to a com- 
mutator which is a second independent generator of H. If s, is in the same 
co-set as s with respect to H then s has h conjugates under G. It may also 
be assumed that ¢, does not transform s into itself multiplied by the former 
independent generator of H. Hence there results the following theorem: 
If the commutator subgroup of a group is contained in its central and has at 
most two independent generators then the group involves at least one set of con- 
jugate operators whose number 1s equal to the order of its commutator sub- 
group. 

1G. A. Miller, Bull. Amer. Math. Soc., 7, 350-354 (1901). 
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SETS OF GROUP ELEMENTS INVOLVING ONLY PRODUCTS OF 
MORE THAN n 


By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated December 1, 1934 


For the sake of brevity we shall use in what follows the term product of 
n elements of a set of h distinct elements so as to include the cases in 
which some or all of these m elements are equal to each other. It will be 
assumed that the elements under consideration obey the ordinary group 
postulates when they are combined and we shall at first confine our atten- 
tion to sets of such elements which satisfy the condition that they contain 
only products which involve more than a given number > 1 of them and 
contain every product of m + 1 of them. In particular, none of the sets 
under consideration before the last three paragraphs is a group, but it 
will be proved that each of them is a co-set with respect to a group which 
is an invariant subgroup of the group G generated by the set. When G 
contains a subgroup of index 2 the elements of G which do not appear in 
this subgroup constitute a simple illustration of such a set in which n = 2. 
Such sets have recently been called perfect brigades.! 

Let S = 5), So, . . ., S, represent a set of A distinct group elements which 
satisfy the condition that they include the product of every m + 1 of 
them but do not include the product of a smaller number of these elements. 
In the special case when h = 1 the order of s; = m and G is the cyclic 
group of order. In general, we construct » — 1 additional sets composed 
respectively of the products of every two, every three, . . ., every of 
these elements. It will be proved that each of these sets contains exactly 
h distinct elements. It is obvious that such a set contains at least h dis- 
tinct elements and that if one such set would involve more than h distinct 
elements then each of its elements could be multiplied by a certain product 
so as to obtain more than hf distinct products of » + 1 elements in the 
original set. As this is impossible the statement is proved. 

The set composed of products of m elements constitutes a subgroup H 
of the group G which is composed of these sets each involving h distinct 
elements, since the product of two of its elements is equal to the product 
of 2n elements of S and hence also the product of ” such elements because 
the product of m + 1 of these elements is one of the elements of S. The 
fact that H is invariant under G results from the property that the inverse 
of every element of S appears in the set of the products of m — 1 of these 
elements. This proves the following theorem: Jf a set of h distinct group 
elements satisfies the condition that it includes the product of every n + 1 of 
these elements but includes.no product composed of a smaller number of them, 
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n > 1, then these h elements generate a group G of order nh which contains 
an invariant subgroup H of order h, and they constitute a co-set of G with 
respect to H. 

From this theorem it results directly that the order of every element 
of S is divisible by m and that a necessary and sufficient condition that S 
includes the inverse of one of its elements is that m = 2 and then it includes 
the inverse of each of its elements. Moreover, a co-set of a group with 
respect to a subgroup which is invariant under it is characterized by the 
fact that it is composed of a set of group elements which satisfy the con- 
dition that they include the product of every m + 1 of them but do not 
include the product composed of a smaller number of these elements, 
n > 1, being the order of the corresponding operator in the quotient 
group with respect to this subgroup. The number of the conjugates of 
an element of S under S is the same as the number of its conjugates under 
G since operators which are commutative with this element appear in 
every co-set of G with respect to H. 

The set S may contain subsets which satisfy the conditions imposed 
on S. Each of these subsets generates a subgroup of G and corresponds 
to a subgroup of H. A necessary and sufficient condition that S involves 
no such subset is that h is a power of ” and S involves an element of order 
nh. When S involves an invariant subset the corresponding subgroup 
of H is invariant under G but an invariant subgroup of G may also corre- 
spond to each one of a set of conjugate subsets of S. For instance, when 
h = 3 and m = 2 there are two possible S’s. One of these is composed 
of three conjugate subsets, each consisting of only one element, while the 
other involves only one such subset. All of these subsets correspond to 
the identity in H. When S is composed of elements of order 2 then H 
is abelian since all of its operators correspond to their inverses in an auto- 
morphism of H. Hence such a G is either dihedral or a generalized di- 
hedral group.? 

If we remove the lower limit restriction imposed thus far on the number 
of elements of S in a product which appears therein it results that if a 
set of 4 distinct group elements satisfies the condition that it includes the 
product of every two of them then it is a group of order h. If it contains 
none of the products of two of its elements but includes the product of 
every three of them then it generates a group of order 2h involving an 
invariant subgroup of order h and it constitutes the co-set of this group 
with respect to this invariant subgroup. If it contains none of the products 
of two of its elements and also none of the products of three of them but 
includes the product of every four of them then it generates a group of 
order 3h involving an invariant subgroup of order h and it constitutes one 
of the two co-sets of this group with respect to this invariant subgroup 
while the inverses of its elements constitute the other such co-set. Etc. 
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Hence the given sets are always either groups or co-sets with respect to 
invariant subgroups. 

It should be noted that whenever the product of every m + 1 such 
elements appears in the set but no product of a smaller number of them 
appears therein then the successive products of an arbitrary one of these 
elements into all of them constitute the products of every two, the suc- 
cessive products of the square of an arbitrary one of them into all constitute 
the products of every three, . . ., the successive products of the nth power 
of an arbitrary one of them into all constitute the products of every m + 1. 
It should also be noted that these conditions as regards products constitute 
characteristic properties of co-sets with respect to subgroups which are 
invariant under the operators of these co-sets but not with respect to 
other co-sets. It is convenient to use the term order of a co-set to repre- 
sent the number of the distinct elements contained therein and to use the 
term index of a co-set to represent the quotient obtained by dividing by 
its order the order of the group with respect to which it is considered. It 
therefore results that the index of a co-set of substitutions with respect 
to the corresponding symmetric group is at least the double of the index 
of the group generated by this co-set with respect to the same symmetric 
group. 

A co-set which involves every product of m + 1 of its elements but does 
not involve the product of a smaller number of these elements will be called 
a perfect co-set of degree m. A necessary and sufficient condition that a 
co-set is perfect is that it is invariant under its own elements. If all the 
elements of a perfect co-set have a common square then the square of such 
an element and H generate an abelian subgroup of index 2 under G which 
is either the direct product of H and the group generated by the square of 
such an element or the latter group has a subgroup of order 2 in common 
with the former. When a function is invariant under the elements of a 
co-set it is also invariant under G and G is solvable whenever H has this 
property. It is thus seen that questions in regard to applications of groups 
are involved in the somewhat more general question of perfect co-sets. 
The generalization secured by using perfect co-sets instead of groups is, 
however, only apparent. 


1J. I. Corral, Brigadas de Sustituciones, p. 19 (1934). 
2W. A. Manning, Trans. Amer. Math. Soc., '7, 233-240 (1906). 














48 PHYSICS: C.G. SUITS Peoc.. N: A. S; 


THE TEMPERATURE OF THE COPPER ARC 
By C. G. Suits 


RESEARCH LABORATORY, GENERAL ELECTRIC COMPANY 


Read before the Academy, Monday, November 19, 1934 


Introduction.—It was suggested as early as 1870 that the dependence 
of velocity of sound upon the temperature of the gaseous medium might 
be employed as the principle of a pyrometer. The measurement of gas 
temperatures in this way is on fundamental grounds a direct method since 
a sound wave moves through a gas as a small amplitude component super- 
imposed upon the velocity of thermal motion of the molecules. In simpli- 
fied but practical cases the velocity of sound in a gas is proportional to 
the square root of the absolute temperature. At high temperatures, 
however, account must be taken of the change in density due to the 
dissociation of molecules and the change in specific heats due to excitation. 
This calculation has been carried out and will be treated in detail in a 
separate paper. The results allow an interpretation of experimentally 
determined sound velocities directly in terms of the temperature of the 
gas. 
The Experimental Method.—The method employed is shown schemati- 
cally in figure 1, where Fis an arc burning between the electrodes A and B. 
The sound source employed in this experiment is a condensed discharge 
between the electrode C which is immersed in the arc and the cathode A 
of the arc. Upon the breakdown of the external sphere gap H, which is 
synchronized with the cathode ray oscillograph by ultra-violet light, a 
sound wave is generated directly in the discharge. The sound receiver 
at the other end of the long arc must have the special properties of very 
high time resolution and the ability to withstand a high ambient tem- 
perature. These requirements are satisfactorily met with a non-oscilla- 
tory spark discharge G between the electrodes D and E£, placed 15 mm. 
from the anode end of the are. It is found that the passage of a sound 
wave through a spark discharge of this kind results in an abrupt change 
in spark voltage which may be observed on the cathode ray oscillograph 
without amplification. The point at which the sound wave starts in the 
arc is marked on the oscillogram by the electrostatic pick-up from the 
oscillatory sound circuit. The time intervals obtained in this way are 
plotted for different values of arc length, and from this curve the velocity 
may be obtained as a slope, free from end corrections. When the method 
is tested by measuring the velocity of sound in air at ordinary temperatures, 
it is found that the time interval-distance curve is a straight line for all 
distances greater than lcm. The sound velocity obtained from the slope 
agrees within 3 per cent with accepted values. From this data it is known 
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that the attenuation of the abnormal explosion velocities takes place in 
distances less than 1 cm., a result which is in agreement with observations 
of Foley.! 

Resulits—For the 6-ampere copper arc time intervals lying between 
25 and 100 microseconds are measured for distances between 3 and 13 cm. 
The resulting plot, shown in figure 1, has a slight curvature with a slope 
yielding a velocity of 1.42 X 10° cm. sec.~! for the shorter arcs and 1.36 
xX 10° cm. sec.~! for the longer arcs. From these velocities the corre- 
sponding temperatures, when all corrections are taken into account, are 
found to be 4200° + 200°K, 4000° + 200°K. For a constant arc length 


Copper are in air 
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FIGURE 1 


of 9 cm. and an arc current varying between 4 and 26 amps., the velocity 
of sound is found to be constant within the spread of the measurements. 

Discussion of Results.—For the observed temperature the kinetic theory 
value of electron mobility k may be calculated from the Langevin formula. 
The density of ionization N; may then be calculated from the known arc 
gradient £ and the current density J from the relation 


I=N jeu 
where 


v = ke. 


The arc gradient E is obtained from the slope of the arc voltage arc length 
characteristic and is found to be 16.5 volts cm.—'. The current density is 
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a constant for the experimental conditions described and is equal to 10 

amps. cm.~*. The quantity N; obtained in this way is 0.6 X 10!? cm.~%, 

for which the corresponding value of x, the fraction ionized, is 0.3 X 10°. 
A second value for the density of ionization, N;;, may be obtained from 

the Saha equation in the form, 

Nir ss «5040 V;,_~«, 3 


™ = T 4+ 3 logio T+ ae 





logio 


upon certain assumptions regarding the nature of the gas in the arc. 
In the equation Np is the density of molecules at the absolute temperature 
T and V; is the ionizing potential. 

If we assume that the arc is burning in pure Ne (or O2) and calculate 
the electron density for the observed temperature, it is found that only 
3 per cent of the density N; may be accounted for in this way. At the 
same temperature a minute amount of copper vapor will provide a rela- 
tively high degree of ionization because of the lower ionizing potential of 
the copper. The partial pressure of copper vapor required to bring N,, 
into precise agreement with NV, is thus found to be 7.5 X 10~5 atmospheres. 

It should be pointed out that a factor of two or three times in k will not 
greatly influence this conclusion since the difference, interpreted in tem- 
perature, is relatively small. 

The great influence of small amounts of metallic vapor is a matter of 
some consequence. There is evidence* that the fluctuations in voltage 
characteristic of many high pressure arcs correlate with the variations in 
the metallic vapor content, and it is probable that temperature changes 
occur during this process. It is likely that the arc temperatures depend 
to some extent upon the condition of the electrode surface, since a copper 
arc between oxidized electrodes is rich in copper vapor, while the same 
arc between highly polished electrodes is spectroscopically almost free 
from copper. This fluctuation in arc temperature and dependence upon 
the electrode condition must contribute to the spread in arc temperature 
measurements. 


1 Foley, Phys. Rev., 16, 449 (1920). 
* Paper to appear in Physics, December, 1934, issue. 
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SPHEROIDAL FUNCTIONS © 


By J. A. STRATTON 
DEPARTMENT OF Puysics, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated December 1, 1934 


If the wave equation 
V*V+ kV =0 
be separated in the codrdinates of the elliptic cylinder, or the prolate or 
oblate spheroids,! it is observed that both radial and angular functions 
satisfy an equation of the type 


(1 — 2?)w” — 2a + 1)sw’ + (b — c*z*)w = 0. (1) 


In the case of the elliptic cylinder, the parameter a has the value —'!/2 
and (1) is the Mathieu equation in algebraic form, whereas in the spheroidal 
case, a is a positive integer. Of the two independent solutions of (1), 
one at least must be finite at the poles +1 if the usual requirements of 
a physical problem are to be satisfied, and this condition restricts the 
parameter 5 to a discrete set of characteristic values in terms of a and c. 
The solutions of (1) corresponding to characteristic values of 6 will be 
termed spheroidal functions, and it is the object of the present note to 
define these functions in a manner most appropriate to physical applica- 
tions and to state some of their most important properties. The details 
of the proofs, further properties of the functions of the second kind and 
an investigation of the conditions of convergence will appear elsewhere 
at a later date. 

Equation (1) is characterized by an irregular singularity of the second 
species at infinity and by regular singularities at +1, at each of which 
the exponents are 0 and —a. It is not the most general representative 
of this type since two of the possible five irreducible constants have been 
placed equal to zero. In the neighborhood of the point at infinity it is 
desirable to establish solutions which in the limit reduce to spherical 
waves. Such functions, however, are not valid in the region of small 
values of z and it is necessary to define solutions appropriate to this domain 
and to determine their analytic connection with the functions suitable 
to the neighborhood of infinity. In what follows a and c may have any 
real or complex values provided R(a) > —1. 

If in (1) we set c = 0 the equation admits of polynomial solutions when 
b = l(l + 2a + 1) and / is any positive integer inclusive of zero. These 
polynomials are the Gegenbauer functions Cy +'A(g), but since their 
numerical values have not been tabulated, it appears advantageous to 
define a slightly modified function which for integral values of a is simply 
related to the associated Legendre functions. Let 
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qo 
to 


T'(2a) ray, 
a me ae COT 2 
T; (2) 2°-"T(a) Ci (2), (2) 
or as a hypergeometric function 


T(2a +1 + 1) 
2°T (a + 1) + 1) 


Then if a = m, an integer, 








F(20 +141, -,a+1,+>4} (3) 


~ 


T; (2) = 


m 


d 
T;"(2) = gem Pitm @) = (l — $*)-"* PR als). (4) 


One has furthermore 
(21 + 2a + 1)27Tf = (+ 2a)T7_, + 0 + YT, (5) 


2r(1 + 2a + 1) , 
(2 +2+1ri+1)” 


The solution of (1) which shall be called of the first kind, valid in the 
neighborhood of the cordinary point z = 0, is now obtained as an expan- 
sion in terms of the functions 7%. If c ¥ 0 the characteristic value 6 
is of the form 6 = /(1 + 2a + 1) + e(c), where «(c) vanishes with c 
and is to be determined such that the expansion converges at 2 = +1. 
Let 





fd a — 2°)* T?(2)Ti(2)dz = (6) 


w(a, c; 2) = L) dT (2) 


be a solution of the type required. The coefficients d,, satisfy the re- 
cursion formula 


(2n + 2a + 5)(2n + 2a + 3) 
2n* + 2n(2a + 1) + 2a — 1 

27 
aa, 4+ | + 2a — 1)(2n + 2a + 3) 


n(n — 1) 
(2n + 2a — 1)(2n + 2a — 3) 





‘dais + 








2+ nln +20 +1) ~ 5] 
d, = 0, (7) 


and since there is both an even and an odd series, may have the values 
n=0,2,4...orm = 1,3,5.... It will be observed that as c vanishes, 
there remains only 


[n(n + 2a + 1) — 1 + 2a + 1)]d, = 0, 


and hence all coefficients must vanish with c with the exception of dj 
which remains finite. It is evident, furthermore, that the even series in 
n is associated with even values of the index /, and the odd series in n 
with odd values of /. We define: 
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Seaa(c, 2) = Lo'dyTa(2), (8) 


n 


wherein it is assumed that there has been assigned to } a characteristic 
value such that the expansions converge atz = +1. The prime indicates 
that the summation is over all even values of 7 if / is even and over all 
odd values if / is odd. The question of normalization is deferred until 
certain other functions have been defined as follows. 

If z > 1, (1) is satisfied approximately by 


wr (cz)°-"Z,(cz), = [p? = b + @ + 1/2)*I, 


where Z,(cz) is any solution of the Bessel equation. One is led therefore 
to seek expansions valid in the neighborhood of z = © of the type 


par yer l ; 
w,(a, c; 8) = (08) ~*~ ”* SoZ n4041/2(c2)- 
n 


It may be verified that the coefficients a}, satisfy the recursion formula 


(n + 1)(n + 2) pt ne (n + 2a — 1)(n + 2a) 
(2n + 2a + 3)(2n + 2a + 5) “_— (2n + 2a — 3)(2n + 2a — 1) 
2n? + 2n(2a + 1) + 2a — 1 
ant ase oy o | 
cay +| OO ee a ee 
a,=0, (9) 











and that again there is an even and an odd series in m associated respec- 
tively with even and odd values of /. We define: 


Reii(¢, 2) = (cz)? Yo" anJntats/2(c2), (10) 
Reéii(c, 2) = (cz)~°-? 2 ON yn +0+1/2(62), (11) 

where JN is the Neumann function. 
Ré&, = Re, +iRe; Rei, = Reh, — i Rei. (12) 


The normalization of the coefficients is now fixed on the basis of the 
asymptotic behavior of (10) and (11). For large values of the argument 
one has asymptotically for the even series 


aey GE 2n+a+1 
Jento+i/2() ~Y— cos| cz — ——~——# 
TCZ 2 


Le 9 
(< 37" a ale (cz ae te.) 


TCS 2 





Let us normalize such that 


(-1)"~‘a}, = yi. (n,l = 0,1,2...). (13) 


n=0 














54 PHYSICS: J. A. STRATTON Proc. N. A. S. 


The asymptotic expression for Rej, as z approaches infinity is then 


21+ a 





r). (1 =0,1,2...). (14) 


Rei a; = (cz) ~*~ sin (cs - 
similarly for the odd series 


D (-1)" “aia = yi (n, 1 = 0, 1, 2...) (15) 


z+ite,) ¢<G42..). 


? 


“= 


Re} 9141 ~ (cz)~°™ sin (<: — 
For the functions of the second kind 


Re, = (cz) ~*~! sin («: - or r), Ge O.3;58....). GY 

In order to deduce the analytic connections between the various func- 
tions, use is made of certain integral representations of the solution of (1). 
If a Laplace transformation of the type 


w(z) - [ena — t?)°u(t)dt (18) 


be introduced into (1), it is found that if (18) is to be a solution, u(t) 
must itself satisfy (1) and the contour must be such that the bilinear con- 
comitant 





: du 

&(1 — #)°F) icon — = (19) 
dt 

vanishes identically. In particular one may take u(#) = Se},(t) and 

choose the section of the real axis between —1 and + 1 as the path of 

integration. Then with the aid of the integral 


(—1)"T(n + 1) yo 2\a77a 
V/2nT (2a + n + 1) is (1 — ¢*)°T;, (dt, 
(20) 


Cc 








~~ —1/2 


(cz Inta+1/2(C2) = 


it is readily shown after multiplying both sides of (20) by di, and summing 
over n that 


a 
Re}, = few — #?)* Se} .(t)dt, (21) 
oat! 


where ; is a proportionality factor, and 


d T'(n + 1) a’ky. (22) 





*  G@)"\/2aT(n + 20 + 1) 
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The coefficients d’, are now normalized such that the functions Sear (2) 
are of unit magnitude at z = +1. This is accomplished with the aid of 
(3), and one finds that if the proportionality factor k; be fixed so that 


k, = (i)'2°**7r(@ + 2), (23) 
then 
Seéi(1) = 1, Se(—1) = (-1), (24) 
and in virtue of (22), (13) and (15) also 
yy T'(m + 2a + 1) 
» I(n+1) 
Since Se}, and Re), are both integral functions of z, and both solutions 


of the same equation constructed with the same parameters, they can 
differ only by a factor independent of z. 


Sei => \k Re}, (26) 





di, = 2°T(a + 1). (25) 


or 
1 . 
Sei i(z) = y f e*(1 — #)*Se ,(t)db. (27) 
-1 


Of the many other contour integral expressions for the solutions of (1) 
only the following will be mentioned at this time. 


1 : 
k,Reé - 2 fe = t?)* Se} ,(t)dt, (28) 
hRet, = 2 f (1 — #2)*Se} ,(t)dt, (29) 
—1 


provided R(z) > 1. 

The functions Se}, are by no means the only solutions of (1) which 
may be constructed with the polynomials 7; provided one withdraws 
the requirements of finiteness and single-valuedness at z = +1. For if 
one place w = (1 — 2?)*u(z) it may be verified that u(z) must satisfy 


(1 — 2?)u” — 2(1 — a)zu’ + (b + 2a — c*s?)u = 0, (30) 


and if c = 0, (30) admits of polynomial solutions of the type T7~°(z) when 
b is given one of the characteristic values b = /(] — 2a + 1) — 2a. In 
analogy with what has preceded, we define a new set of functions 


Soi, = (1 — 2%)~* X faT n° (2). (31) 


The coefficients fi, satisfy the recursion formula (7) if we replace there a 
by —a and b by b + 2a. The nature of the functions Se}, and So}, is 
clarified if one makes the transformation z = cos 9. The corresponding 
Fourier expansions are then 
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Sel (c, 0) = >>’ Di, cos nd, (32) 
n 


Sol j(c, 0) = (sin 0)~*-! )’ Fis, sin (n + 198. (33) 


Associated with the So}, are the functions Ro}, which by analogy 
with the Re}, are most readily defined by 





a 
(—1)*k)Rolj(c, z) = (22 — 1)~* | ee Sot ,(t)dt, (34) 
ae? | 
Roky = (22 — 1)~*(cz)°-“* DY’ hen —at1/2(C2); (35) 
(1) / 2x0 (n — 2a+ D) a ws (36) 
T'(n + 1) 


The determination of the characteristic values ) and the expansion 
coefficients as functions of the parameters a and c is essential to the com- 
plete definition of the functions, and a detailed account of this portion of 
the investigation will be given elsewhere. 

1 Bateman, Partial Differential Equations of Mathematical Physics, p. 440 et seq. 
For a rather complete account of previous work on the subject and a bibliography, see 


Strutt, Lame’sche-Mathieusche-und verwandte Funktionen in Physik und Technik, in 
the collection Ergebnisse der Mathematik, Springer, 1932. 


ADDITION FORMULAE FOR SPHEROIDAL FUNCTIONS 
By Puitip M. Morse 
DEPARTMENT OF PHysIcs, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


Communicated December 1, 1934 


The functions developed by Stratton! in the preceding paper are of 
considerable importance in the study of wave motion in elliptic cylinder 
and in spheroidal coérdinates. By their means a large number of diffrac- 
tion problems can be studied: the scattering of waves from a thin strip, 
from a rod or a disc, the diffraction of waves through a slit or through a 
circular aperture, the scattering of electron waves from a diatomic mole- 
cule, etc. Before’these problems can be solved, however, a number of 
addition formulae must be obtained, relating the spheroidal functions to 
the other known solutions of the wave equation. Some of these formulae 
are developed below. 

1. Elliptic Cylinder Codrdinates.—In the elliptic cylinder coérdinates, 
x = (d/2)cosp coshu, y = (d/2)sing sinhy, the solutions of the wave 
equation which are everywhere finite are, 
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Via(k: ou) = Seip, m(Cy cosp)Re' yp, (Cy coshy) (1) 
x'a(h; > h) — So! iy, m(C, cosy) Ro! _1/,, mC, cosh y) 


where c = (kd/2), and where the functions Se, Re, So and Ro are the 
solutions of 


(1 — 2*)y” — zy’ + (b — c*2*)y = 0 (2) 


which are defined by Stratton. The constant c is equal to (rd/X), where 
d is the interfocal distance of the ellipses and \ is the wave-length. The 
separation constant b has characteristic values },, corresponding to the 
various values of m for the functions Se and Re, and has the values 5, for 
the functions So, Ro. 


The functions? can be expanded in the following series: 
Se! 1), =(¢, cosu) = >>’D%, cos(nu), >>’D= = 1 
Re!_1/, m(c, coshu) oe 4/201" — ” DI. (c cosh p) (3) 
So'_1, m(c, cosu) = >>’ FR snl), > 'nFe = 1 


n 


Ro'_1), m(¢, coshu) = V 7/2 tanhy >0’7"~ "nF" J,(c coshu) 


where the prime indicates that the summation is for all even values of 
nu if m is even, for all odd values of n if m is odd. 

One important addition formula is the expansion of a plane wave in 
terms of a series of these functions. If the plane wave have a direction 
of propagation at an angle u to the x axis, then its form is exp(ik Y), where 
k = (2m/X) and 


Y = x cosu + y sinu = (d/2)(cosu cosy coshu + sinu sing sinhp) 


Since the y’s and x’s together form a complete, orthogonal set of character- 
istic functions, the plane wave can be expanded in the series 


exp(ik Y) rs D [A wm(k; YP; b) + Baura(h; Y, )] 


where the coefficients A,, and B,, are functions of wu. 

Due to the symmetry between u and ¢ in Y, there must be symmetry 
between u and ¢ in the series, and therefore the dependence of A,, and 
By, on u must be given by the equations 


Am = Om Se_1),, m(c, cosu), Bi = bm S01), m(C cosz) 


where a, and b,, are independent of u. 

To find a, and b,, we multiply both sides of the equation for exp(ik Y) 
by Se'_1;, m(¢, cosy), and integrate over g from 0 to 2r. Then we set u 
small and equate coefficients of powers of u on both sides of the equation. 
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For the coefficient of the zeroth power of u we have (since Se(c, cosu) goes 
to unity as u goes to zero) 


2a 
etic cosy cosh u)Se!_1/, m(c, cosp)dy = AmN_Re! ~1/,, m(c, coshy) 
0 
where 


20 
Nu = [Set _a,, m(¢, cosz) |"dz = zz G + Son )r(Dp)?. 
0 n 


By the integral definition of Re’ given by Stratton in his equation (21) 
we see that the left side of the equation is 24/2z i” Re! _1,, m(C, coshy), 
which shows that the coefficients a,, have the values (1/8 i”/Ny,). 

For the coefficients 0,,, we multiply by So!_1), »(c, cosg) and integrate 
over g (remembering that So(c, cosu) —> uasu—>0). The coefficient 
of the first power of u is 

Qn 
icu sinhu sing exp(ic cosy coshy).So!_1/, m(c, cosy)de 
0 
= by N'm Ro! 1), m(¢, coshu)u 


where 
Qa 


N'_ = [So!_1),, m(c, cosz)]*dz = >o’a(F%)?. 
0 n 
From the integral relation (34) in Stratton’s paper, we see _that the left 
side is just 24/22 i” u Ro'_1), m(c, coshu), so that by, = (+/8r i"/N’»). 
The complete addition formula is then 
exp(ik¥) = V/8r D i" [(1/Nym) Se" s/s, m(C, COSUW' (hi, 1m) 


n 


+ (1/N’ ) So} —1/2, wht cosu) x14 (R; Y, b) | (4) 
and the general integral equation for the elliptic cylinder functions is 
2x Ne: 
f exp(ikY) Se_1,, m(c, cosu)du = ~/8r i” W,(k; 9, mM), (5) 
0 


with a similar expression for So! and x',,. 
The integral expression for a cylindrical wave? is 


2a 
¥ exp(ikY) cos(mu)du = 2ri” cos(m®)J,(kp), 
0 


where Y = x cosu + y sinu = p cos(® — u). By utilizing the Fourier 
series expansion of Se! given in (3), we obtain the following relations 
between the circular cylinder functions and the elliptic cylinder functions: 


VU m(ki gw) = Vx/2 DD! D’ cos(m®)Jm(ke) (6) 
cos(mb)Im(kp) = ~/2r(1 + Som) d.'(1/Ny)DE Valk; @, 1H) 














VoL. 21, 1935 PHYSICS: P. M. MORSE 59 


with similar expressions for the function x!,,, involving sin(m®) instead of 
cos(m®). 

Lastly, it can be shown‘ that the expression for a cylindrical outgoing 
wave from the point (x’, y’) is 


4/2—i@ 


H® (kP) = (2/r) 4 exp[+ik(Y — Y’)]du (7) 
0 


where P? = (x — x’)? +.(y — y’)*, Y’ = x’ cosu + y’ sinu, and the sign 
of the exponent in the integral is taken positive if x > x’, negative if 
2 <2’. 

From equation (28) of Stratton’s paper, relating Se! and Re’, we can 
obtain 


4/2— to a 
7 exp + tk Y) Se! _1/,, m(C, cosu)du = Vx/2 ” Y nlk; Y, b) (8) 
0 


where 
VP nlR; Y; B) = Se! ij, m(C, cosp) Re® _1/., m(C, cosh). 
The positive sign in the exponential is taken if —1/2 < y < 1/2, and the 
negative sign if r/2 < y < 37/2. A similar relation holds between So! 
and x*n(k; ¢, #4). 
From (8), by methods similar to those used in deriving (4), we have for 


the expansion of a cylindrical wave radiating from the point (x’, y’) in 
terms of elliptic cylinder functions, 


HY (kP) = 400 [(1/Nm)W'm(ki ew) m(ks 9", w’) 
+ (1/N'm) x m(R; 9, 4)x3m(R; 9’, w’)] 


when p’ > pw. When yp’ < yu, g and yp are interchanged with gy’ and y’. 

2. Prolate Spheroidal Codrdinates——In the prolate spheroidal co- 
ordinates, z = (d/2)coshyu cosé, x = (d/2)sinhu sind cosy, y = (d/2)sinhy 
sind sing, the finite solutions of the wave equation are cos(mg) or sin(mg) 
times y1,,,(k; 3, uw), where 


Vsnn(k; 8, w) = (sinhy sind)” Selyn(c, cos?) Re'nn»(c, coshu), (10) 
where the functions Se and Re are the solutions of 
(1 — 2%)y” — 2(m + l)zy’ + (6 — c?2")y = 0 (11) 


which are defined by Stratton in the preceding paper. The constant 
c = rd/d = dk/2, as before. The functions are given by the series: 


(2m + k)! a 


7 2”m! (12) 


Shinn (C, 2) = dade" Te (2), 2d" 
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— (cz)~™~ "4 2m + k)! 
Re'nn(C, 2) = V7x/2 an ! 8 lll = d,” Je+-m4+r,(C2). 
Mm! Bb k! 


The plane wave in three dimensions whose direction of propagation 
with respect to the z axis is defined by the angles w, a is exp(ikX), where 
| X = zcosw + x sinw cosa + y sinw sina 
= (d/2)[cosw cos? coshu + sinw sin’? sinhy cos(y — a)]. 


This must be expressible as a series in the solutions (10), and due to the 
symmetry between w and # in X, we must have 


exp(tkX) = >> dmg, cos[m(g — a) ]sin”w Se\nn(c, cosw) W'ng(R; 8, w). (13) 


To determine the coefficients a,,,, we first expand exp(#kX) as a Fourier 
series in (pg — a), setting down only the first terms in powers of sinw, 
cos[m(y — a)] | (ic)” 


2"—-\n 





exp(ikX) = exp(ic coshu cos?) >> (1 + bon) 


: (sinw sin? sinh uy)” 


. oe | 
Multiplying both sides of (13) by cos[m(y — a)], integrating over (gy — a) 
and expanding the Sel,,,(c, cosw) on the right side in powers of sinw, gives 
(ic)” 


2”—lm! 


= (1 + Som) ™ 2 Omn¥ mn(R; #, b) [sin w oP cea ]. 





x exp(ic coshy cos?) | (sinw sind sinhu)” + .. | 


We next multiply both sides by sin”dSe},,(c, cos?)d(cos#), and integrate 
over # from 0 to 7, then equate the coefficients of the lowest power of 
sinw on each side of the equation; 





4 ™m Tr 
me , sin h” u f exp(ic coshu cos’) sin?” t!9Se},,(c, cosd)dd 
m! 0 
= (1 + bom)t™Ninn Gmn Sinh” yw Rel,,(c, coshy) 
where 





2(2m + k)! 


am)? 
P Om +2k+ pe 


Neuen = f [sin”3Se},,(c, cos?) }’sindddi = 
0 
By the use of the equation (21) given by Stratton, relating Se and Re, 
we finally obtain the value of a,,,, and the plane wave addition formula 
turns out to have the form, 


exp(ikX) 


=2 2) cos[m(y — a)] 


ents 
sin” wS€inn(C, COSW)Winn(k; 3, mu). (14) 
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The general integral form for the function y is therefore, 


26 T 
f da f dy exp(ikX) sin” dSe},,(c, cosd)S°(ma) 
0 0 
= Anc™i™*" Sa(me) Vinn(k; 8, uw). (15) 


If the integration over w be from 0 to (1/2) — io, then instead of 4mj! on 
the right-hand side, we will have 2m’, everything else being unchanged. 
Here 

Vin(k; 3, uw) = (sind sinhu)” Sel,,,(c, cos?) Re’,,(c, coshy). 


It can be shown that the integral relation’ tor spherical waves is 
2r r 
f da f dw exp(ikX) sin™t1wT™(cosw) £23(ma) 
0 0 
= 4ri"™*" 95(me) sin"OT x (cosO) V1/2kr Jm+n+i/(kr) (16) 


where X = 2 cosw + xX sinw cosa + y sinw sina 


r[cosw cos@ + sinw sinO cos(g — a)]. 
By using equations (12), (15) and (16), we can obtain relationships between 
the spheroidal waves and spherical waves® 


CO Whan(k; 8, uw) = do’ *—* de"sin™O Ty (cos®) V 1/2kr Jn4n4s/(kr) (17) 
k 


sin”O Ty (cosO) W2/2kr Jm4n+1(kr) 
2c™n! Fi 
ps 


z amy a(k; 8, u). 
(2n + 2m + 1)(Qm +n)! “% Nen Vink ( ) 








Finally, by methods similar to those used in obtaining (9), the expansion 
of the spherical wave going out from the point (x’, y’, 2’) is 


ikR ° Qn © 

e tk ik(X —X’)_: 

— = — da f dae sinw 

RQ I 0 (18) 


2ik Do (2 — bom) :: cos[m(y — 9’) Winn(R; 3, 4) Vnn(R; 8’, w’) 


mn 





where R? = (x — x’)? + (y — y’)? + (@ — 2’)%. This series holds for 
bh’ > wu; when u’ < uy, we interchange 3, » with 3’, y’. 

3. Oblate Spheroidal Codrdinates.—In the oblate spheroidal coérdinates 
z = (d/2) sinhu cosd, x = (d/2) coshy sin’ cosy, y = (d/2) coshu sin? sing, 
the finite solutions of the wave equation are $2 (me) Wnn(k; 3, uw), where 


1n(k; 8, «) = (coshy sind)” Se},,(ic, cos?) Rel,,(ic, —isinhu). (19) 


The addition formulae for these functions have the same form as the 
equations (14), (17) and (18) for prolate spheroidal functions, the only 
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difference being that the definition of y},,, is now (19) instead of (10), and 
that c is changed to ic in the functions Se. 

1 Stratton, Proc. Nat. Acad. Sci., 1, 51-56 (1935). 

? The functions Se—1/,m(c, cos u) are of course proportional to the Mathieu functions 
cém(u), and the So’s to the functions sém(z). 

3 Whittaker and Watson, Modern Analysis, page 396. 

‘Watson, Theory of Bessel Functions, page 180. 

5 Whittaker and Watson, Modern Analysis, page 398. 

6 Relations can also be obtained between spheroidal waves and cylindrical waves. 


ON THE BENDING OF ELECTROMAGNETIC MICRO-WAVES 
BELOW THE HORIZON 


By Paut S. EPstEIN 
CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated November 13, 1934 


1. An interesting phase in the development of the modern radio 
technique are the experiments conducted during the last few years with 
very short wave-lengths. Marchese Marconi! reported about an exten- 
sive series of successful radio connections over distances up to 260 km., 
in which waves of from 50 cm. to 60 cm. were used, concentrated with 
the help of a parabolic reflector. Clavier and Gallant? went even to still 
shorter waves of only 17.4 cm. which they sent over a distance of 61 km. 
also concentrating them with a reflector of 3.8 m. in diameter. The most 
remarkable feature of Marchese Marconi’s results is that the distances 
covered by him exceed several times the range of rectilinear visibility 
from the sending station. 

The memory is still fresh of the great surprise which was caused among 
physicists by the unusually long range of long wave radio-reception. The 
explanation of these puzzling facts about long waves was traced, in the 
meantime,* to the influence of the Kennelly-Heaviside layer of the upper 
atmosphere, and the question, naturally, arises to what extent atmospheric 
influences are responsible for the phenomena observed by Marchese 
Marconi with micro-waves. The first step in answering this question 
must be an investigation of how much bending is to be expected from the 
point of view of the wave theory completely neglecting the atmosphere. 
Such an investigation is the subject of this paper. 

The simple method which we propose is based on Huyghens’ principle 
and treats the surface of the earth-as a perfectly absorbing screen. As 
far as we know, it was not used heretofore and there are good reasons for 
this: In the case of long waves, the properties of the soil play an important 
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part both in their production and their propagation. The height of the 
receiving station is only a fraction of the wave-length, so that only the 
so-called ‘‘surface wave”’ is of practical interest. On the other hand, the 
micro-waves are produced away from the soil and independently from it 
and, after they strike the earth, the surface wave is so thin as to be entirely 
unimportant. The transmission is, in this case, a matter of space propa- 
gation on which the physical properties of the earth surface have no 
material influence. It is therefore, perfectly permissible to replace it by 
a perfectly absorbing screen. 

The results of our calculations and their comparison with Marchese 
Marconi’s observations are summarized in the last section. 

2. Suppose that the sending station of the micro-waves is at the point 
A of figure 1 and the receiver at the point P: below the horizon. Accord- 
ing to Huyghens’ principle every point of the space exposed to waves 


D F 


B 





FIGURE 1 


can be itself regarded as the origin of a spherical wave. We shall make use 
of it in the following way: The reflector in the source A throws a diffrac- 
tion pattern onto the plane DB’ at the horizon of which the part BB’ is 
screened off by the earth. The remaining part BD we regard now as 
the source of spherical waves which produce another diffraction pattern 
in the plane CF. We repeat the operation taking now every point of the 
half plane CF as the source of a spherical wave and, finally, compute the 
intensity which these waves produce in the point of reception P:. In 
short, the case is treated as if between the origin (A) with its reflector and 
the receiver P; there were interposed two perfectly absorbing screens, the 
one being BB’, the other CC’. 

It is true that the part CC’ of the half plane CC” is not entirely optically 
empty since it receives some intensity by diffraction below the horizon B. 
We shall see, however, that the intensity which it can pass onto the point 
P, (by another diffraction below the horizon) is weak compared with that 
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coming from CF. Upon solving this threefold diffraction problem it was 
found that the screen in BB’ has very little influence: Its omission does 
not appreciably affect the intensity in P, when this point is either near 
the horizon B or far from it, and only produces a slight change in the 
intermediate case of a medium distance. In order not to encumber our 
theory unnecessarily, we simplify the problem by considering only one 
perfectly absorbing screen in CC”, as this gives an altogether sufficient 
approximation. 

3. In the case of small angle diffraction Kirchhoff’s formula for Huy- 
ghens’ principle can be written in the simplified form 


ds(Ouy/cot — Ouy/ON] 7, (1) 


ee dol ts 


t represents the time and c the velocity of light while the other notations 
are sufficiently clear from figure 2. 

















FIGURE 2 


Marchese Marconi’s source of waves was, virtually, a rectangle oscilla- 
ting in phase, because his oscillating elements were strung out along the 
focal line of a reflector in the shape of a parabolic cylinder. We suppose 
that this rectangle lies in the plane OM with its center in the origin O 
and we denote its sides by 2a and 2b. Let, moreover, the codrdinates 
of the three planes OM, O,P;, O2P2 be, respectively, & 7; &, mj; &, m; 
the third direction (along the axis OO.) being denoted by z. We have to 
take for uy (wave potential at the rectangular source, z = 0) uy = A 
X exp ik(ct — 2) and for the distance /, the approximation 


hk on I; ma (axé + Bin) + j Ly(a? + B;”), (2) 


using the abbreviations a, = &/L;, 6: = m/L;. The integration with 
respect to ds = didn goes in ¢ from —a to +a and in » from —bd to +0 
and gives for the diffraction pattern in the plane O,P; the well-known 
expression 
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ers 2ikabA sin kaa, sin kbp, 
‘ aL kaa, kbp, 
X exp tk[ct — L; — 3 Lila? + Bi2)]. (3) 





In order to find the potential in the point P:, we apply the formula (1) 
a second time substituting for uy the expression (3). For the distance 
l, we have to use an approximation taking in terms of the second order 


le = Le + 3 [(Liar — Laz)*® + (LiB: — Lfe)*]/Le, (4) 


where a2 = &/L, be = m/L, L = L; + Ly. The integration is to be 
taken with respect to ds = L,*da,df; and gives the result 


k*abAL, 
*Le 


Tv 


exp tk[ct — L — 3 L(as? + -2?)] 





a 





ne {2 kaa exp tela — co)'des f 2 HB exp 3 ikg(6i — 62)*dB; 
kaa, kbp; 
(5) 
with 
| i LL;/Lz. 


When taken from — © to + ©®, either of the integrals has the value 
b 
(2a /kgb?)'/* . exp(ikb?/2g) cos kbBedb. 
0 


The ratio of the arguments of the exponential and of the cosine, b/2gf. 
is in all applications a very small number. Without impairing the approxi- 
mation, we can substitute 1 for the exponential, obtaining the expression 


ey * sin kbBe 
kg kbBe 





exp (—i71/4). (6) 


Turning back to the integrals in eq. (5), we notice that in them also 
the coefficients which occur in the arguments of the exponential and the 
sine, namely, kg/2 and ka stand in the ratio g/2a, i.e., roughly the distance 
between the sender and the receiver to the opening of the mirror. This 
ratio is, of course, very large and, unless a; — ae (or resp. Bi — fe) is 
small of the order 2a/g, the exponential oscillates so rapidly as to give 
no appreciable contribution to the integral. Therefore, if we integrate 
from a, — € to ap + e (resp. from B, — € to Be + e) where e¢ is only a 
few times as large as 2a/g, we must get practically the same result as 
integrating from — © to +, that is to say, the formula (6). It follows 
from this that when the point N(a: = a2, 6; = 62) lying in the straight 
line OP; with its vicinity is unobstracted by the screen, the intensity in 
P2 is practically the same as if there were no screen at all: The property 
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of rectilinear propagation which Fresnal proved for the spherical wave 
holds also for our diffraction pattern. In fact, if we substitute (6) for 
the two integrals in the eq. (5) we obtain a result exactly of the same 
structure as the expression (3) defining this pattern. This justifies our 
neglecting the influence of the surface CC’ (Fig. 1) upon the intensity 
in P, and also explains why omitting the additional screen in BB’ makes 
so little difference. 

4. As stated in section 2, we are interested in the case when age is 
negative (P: below the horizon) and the integration in eq. (5) is extended 
over the half plane a; > 0. ‘It is true that our expressions are rigorous 
only for small angles a; and £;, but owing to the structure of the integrands, 
those parts of the plane for which a; and #; are not small give no appre- 
ciable contribution. We may, therefore, without changing the result, 
extend the limits of integration, with respect to a;, from 0 to +, and 
with respect to 6;, from —© to +. The second integral is, therefore, 
given by the expression (6), while we use for the first the following nota- 
tions 





a = a/L, 
4(d) = A Sn F001 exp } ikg(ar — a2)*dan (7) 
0 kaa, 


d being the distance GP2 (Fig. 1) below the horizon. 
The wave potential u, becomes now 


sin kbBe 
kbBe 


X exp al — L — § La? + fp?) — 4 


uz = 4abAd-* (L,/L2L)'8(d) 


lf we denote the area of the reflector S = 4a and the total intensity 
of the sending station by J = SA’, the intensity in the great circle going 
through the axis of the projected beam (2 = 0) is 


E = |u|? = IS\-* | @(@) |*-L,/LeL. (8) 


When d is large (more accurately, V ke d>> L), the integral (7) can 
be approximately evaluated by parts 


@(d) = L/tkgd = Lpd/2milid, 


giving the expression for the intensity at large distances 


E = ISI2/40r@ DL. (9) 


Let the distance from the sender to the horizon be /, then L; = (L + 1)/2 
and I,2:= (L — /)/2. Denoting the radius of the earth by R, we have 
for a not too large d the expression 
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d = (L — 1)?/2R, (10) 
so that the formula (9) takes the form 
E = ISR?*/r*X(L — 1I)3(L + DL. (11) 


When / happens to be small compared with L this gives a decline of the 
intensity inversely proportional to the fifth power of the distance L. 

It is worth mentioning that our formulas represent the intensities also 
in the case of a reflector with circular opening. The theory is then a 
little more cumbersome but the expression for large distances is strictly 
the same as (11) and that for shorter ones is practically identical with (8). 

5. In Marchese Marconi’s experiments the sending station of Rocca 
di Papa had an elevation of 750 m. corresponding to a distance of the 
horizon / = 98km. The opening of the concentrating reflector was equal 
to three wave-lengths (2a = 2b = 3d). Under these circumstances the 
formula (11) is valid from ZL = 180 km. on. For shorter distances must 
be used the expression (8). In general, the function @(d) is not easy to 
evaluate, but under the conditions just mentioned ka is so small that 
(sin kaa) /kaa, is appreciably equal to 1 for the whole interval in question 
and ®(d) becomes identical with Fresnel’s integral. The numerical values 
of the intensity following from the formulas (8) and (11) are given in 
relative units in the following table: 


L: 40km. 60 80 98 100 102 105 110 115 120 

i 12.6 536 ie 1.00 -96 .88 76 56 .38 22 
ONE: 70 65 55 o4 53 52 49.5 46 41 

L: 125km. 1380 = 185 140 145 150 155 160 

E: 16 Ps ae oe SS | eae 3 Ps 4.3 3.2 2.5 2.0 

g: 38.5 35.5 32.5 30 27 25 22 20.5 

L: 170 km. 180 = 190 200 210 220 230 240 250 

Fes A 6 1.27.4X 107% 5.2 3.6 2.6 1.9 1.4 BA 

g: 19 16 12 8.8 5.6 2.8 0.0: =2.7 —4.6 


Since the reception was acoustic, we have listed under ¢ the theoretical 
‘‘sensation level’’ (the subjective auditory intensity) of the signals com- 
puted according to the formula g = 20 logi (E/E»), where Ep is the 
threshold intensity of audibility.4 Marchese Marconi mentions that the 
signals were heard until the maximum distance of 230 km. Therefore, 
their theoretical intensity at 230 km. was taken as Hy. Under favorable 
conditions, the reception was clear until 205 km., then it became erratic 
and only occasionally audible. Comparing this with our table, we must 
conclude that the experimental range of the waves did not materially exceed 
the expectations of a theory disregarding all atmospheric influences. Quali- 
tatively the observations agree with the predictions of our formulas. This 
applies also to the fact that communication with the sending station could 
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be again established at Cape Figari at an elevation of 340 m. and distance 
L = 270km. Our theory gives for this point E = 3 X 107%, g = 4. 

Atmospheric agencies had an unquestionable effect inasmuch as they 
could spoil the reception causing ‘‘slow and deep fading” of the signals 
which, at times, reduced them to complete inaudibility. More quantita- 
tive observations are required to answer the question whether they could 
occasionally also help the reception. It is easy to estimate the influence 
of the Kennelly-Heaviside layer if one makes definite assumptions as to 
its height and reflective power for micro waves. Supposing its height to 
be 80 km. and the reflection complete, the reflected intensity should be 
from ZL = 150 km. on of the same order of magnitude as the E of our 
table. These assumptions are, however, very doubtful and, moreover, 
Marchese Marconi ascertained by turning the reflector of the receiving 
stations that the signals came from the horizontal direction. It is also 
not difficult to take into account the influence of atmospheric refraction 
which would slightly increase the intensities of our table, but the experi- 
mental data are not accurate enough to make this correction worth our 
while. 

Note added in proof: Working with wave-lengths from 17 m. to 3.5 m. 
Schelleng, Burrows and Ferrell (/mst. Radio Engineers, 21, 427 (1933)) 
found that, even within the range of rectilinear visibility, the transmitted 
intensities dropped considerably below the inverse square law, being better 


represented by the inverse fourth power of the distance. The authors 
attribute these remarkable results to reflection from the surface of the 
earth. If this explanation be correct, the effect must be weaker for the 
shorter wave-lengths with which we deal, and at large distances less im- 
portant than the effect of the curvature of the earth. The sensation levels 
given in our table should, therefore, continue to be a sufficiently good repre- 
sentation of the actual conditions. 


1 Marchese Marconi, Proc. Roy. Inst. of G. B., 27, 509 (1933). According to news- 
paper reports M. M. has lately slightly increased the range of his reception. His more 
recent publications were, however, inaccessible to the author. 

2 A. Clavier, L’Onde electrique, 13, 101 (1934); A. Clavier and L. C. Gallant, Radio 
Engineering, 14, Feb.-March (1934). 

3 See especially: G. N. Watson, Proc. Roy. Soc., A95, 83, 546 (1919). 

« Compare, e.g., H. Fletcher, Int. Crit. Tables, 6, 450. 











